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We consider the cubic NLS in M 3 

id t ip + A^ = -\ip\ 2 ip. 
This equation is locally well-posed in ^(M 3 ) = Ty 1 ' 2 (R 3 ). Let 

-A(/> + a 2 </> = 



•,a) be the ground state of 



By this we mean that cf> > and <f> G C 2 (M 3 ). It is a classical fact (see Coffman |Cofj ) that such 
solutions exist and are unique for the cubic nonlinearity. Moreover, they are radial and smooth. 
Similar facts are known for more general nonlinearities, see e.g., Berestycki and Lions |BerLio| for 
existence and Kwon |Kwoj for uniqueness in greater generality. 

Clearly, ip = e lta (f> solves (0) . We seek an H ^solution ifi of the form ip = W + R where 



W{t,x) = e^Uix - y(t),a(t)) 



6(t,x) = v{t)-x- / (\v{s)\ 2 -a 2 {s))ds + j(t) 
Jo 

y(t) = 2 v(s)ds + D(t) 
Jo 



(3) 
(4) 

(5) 



is the usual soliton with a moving set of parameters ir(t) := ( r y(t),v(t),D(t),a(t)), and R is a small 
perturbation. Performing a Galilei transform, we may assume that W(0, x) = (f)(x, a) = acf)(ax, 1) 
for some a > 0. The final equality holds because of the cubic nonlinearity. 
With each a > we associate the matrix operator 



H = H(a) 



-A + a 2 -2</< 2 



I-, a) 



-0 2 (-,«) 
A -a 2 + 26 2 ( 



-, a) 



(6) 



This operator is closed on the domain W /2,2 (M 3 ) x W /2,2 (1R 3 ) and its spectrum is known to be located 
on R U iR with essential spectrum equal to (— oo, —a 2 ] U [a 2 , oo). As proved by Weinstein |Weilj 
and | Wei 2 j . Tt(a) has a rootspace of dimension eight at zero, and ker(W 3 ) = ker(W 2 ) ^ ker(H). 
In fact, dimker('H) = 4. On the other hand, any discrete spectrum different from zero is known 
to consist entirely of eigenvalues whose geometric and algebraic multiplicities coincide. Due to the 
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L 2 supercritical nature of the problem, Tt(a) does have purely imaginary eigenvalues, see Section 0] 
below. Moreover, due to the standard symmetries of the spectrum (which follow from the commu- 
tation properties of Tt with the Pauli matrices) we know that these purely imaginary eigenvalues 
are symmetric with respect to the real axis, together with their multiplicities. It is well-known 
that the supercritical equation (^Q) is orbitally unstable, see Berestycki and Cazenave jBerCazj . This 
is in contrast to the orbital stability of the subcritical equations that was proved by Cazenave and 
Lions CazLio and Weinstein |Weilj . |Wei2j . In addition, let us mention the general framework de- 
veloped by Shatah, Strauss, and Grillakis which gives a criterion for the orbital stability/instability 
of solitary waves for large classes of Hamiltonian PDE. See |Shaj . |ShaStrj . |Gri| . [GriShaStrlj . 
GriShaStr2 . The recent book by Sulem and Sulem [SulSulj contains an exposition of this work. 

For our main theorem we need to impose the following spectral conditions : 

7i(a) does not have any embedded eigenvalues in the essential spectrum and the edges ±a 2 of the 
essential spectrum are not resonances. 

The property that the edges ±a 2 of the essential spectrum are not resonances 1 means that 
(H ± a 2 )" 1 exists as a bounded operator between the weighted spaces 

L 2 ' CT (M 3 ) x L 2 ' a (R 3 ) L 2 >-°"(R 3 ) x L 2 '~°"(IR 3 ) 

where a > 1. 

Theorem 1. Impose 2 the spectral conditions for all a > and fix any ao > 0. Then there exist a 
real-linear subspace S C L 2 (IR 3 ) of co-dimension nine and a small 5 > with the following properties: 
Let 

B := ji? e L 2 (R 3 ) I Pol := \\R \\ W i,2 nW i,i < (7) 
and let S := {/ G L 2 (M 3 ) | |||/||| < oo}. Then there exists a map : B n S — > S with the properties 

\\HRo)\\ % \\Rot VRo^Bns (8) 

||*(i2o) - $(flo)|| <S\\Ro-Rol VR ,Ro£BnS (9) 

and so that for any Rq G B Pi S the NLS has a global H 1 solution ip(t) for t > with initial 
condition tp(Q) = <p(-, ao) + Ro + $(Ro). Moreover, 

m = w(t,-)+R(t) 

where W as in © is governed by a path ir(t) of parameters which converges to some terminal vector 
7r(oo) such that sup t>0 |7r(i) — tt(oo)| < 5 2 and so that 

\\R(t)\\w^<S, \\R(t)\\oo<St-l 
for all t > 0. Finally, there is scattering: 

R(t) = e itA f + o L 2(l) ast^oo 

for some /o G L 2 (M 3 ). 

1 Strictly speaking, this means that ±a 2 are neither eigenvalues nor resonances, but we will show that eigenvalues 
cannot occur there. 

2 By scaling invariance, if they hold for one a > 0, then they hold for all a > 0. This is due to the monomial 
nonlinearity. 
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Concerning the spectral conditions, we remark that it is well-known that imbedded eigenvalues 
and resonances are unstable under perturbations. See the recent work by Cuccagna, Pelinovsky, 
and Vougalter |CucPelVouj . [CucPelj for precise statements to this effect for matrix Schrodinger 
operators, as well as Costin, Soffer CosSof for the scalar case. The proof of Theorem ^ does not 
rely on the specific structure of the cubic nonlinearity and applies to other supercritical nonlinearities 
as well. Hence it should be possible to formulate Theorem ^ without any spectral conditions for a 
"generic perturbation" (in a suitable sense) of the cubic nonlinearity. However, we have chosen to 
present Theorem ^ as stated in order not to obscure the main ideas and we plan to return to the 
issue of generic perturbations elsewhere. Moreover, in a forthcoming paper with Krieger [KriSch , 
the analogue of Theorem ^ in one dimension will be proved without any spectral conditions for 
supercritical monomial nonlinearities. Rather, in that case these spectral conditions can be proved 
by adapting some arguments of Perelman |Per2j . It is to be expected that the spectral conditions 
therefore also hold in M 3 , although this yet needs to be proved. On the other hand, it may be worth 
noting that we reduce the question of threshold resonances for the matrix operator H.(a) to the 
question whether or not the scalar Schrodinger operator L_ = — A + a 2 — 4> 2 has a resonance at a 2 
(more precisely, we show that if it does not have an eigenvalue or resonance, then neither does the 
matrix operator). The latter issue should in principle be accessible, say by numerics. 

The method of proof of Theorem ^ also extends to the case of more derivatives, i.e., R$ € 
W k ' X nW k ' 2 , for k>2, but we do not elaborate on this here. We will refer to the fact that Rq needs 
to satisfy 

\\R \\ w i,2 + \\R \\ w i,i < 5 (10) 

as the smallness condition. It is not hard to see from a close inspection of our proof that W 1 ' 1 can 
be improved to some W 1 ^, Kp< §, but we choose p = 1 for simplicity. 

To understand the origin of S, we need to introduce the Riesz projections P s (a) and Id — P s (a) 
(the index s here stands for stable). They are invariant under 7i{a) and 

spee(H(a)P s (a)) = (-oo, -a 2 } U [a 2 , oo), spec(H(a)(Id - P s (a)) = {±ia} U {0}. 

Here ±ia are precisely the unique pair of simple, purely imaginary eigenvalues of Tt(a), a > 0. 
Finally, let -P^(a) be the Riesz projection such that 

spec(W(a)P+(a)) = {0} U {ia}. 

The notation is meant to indicate the unstable modes as t — ► +oo. The real-linear, finite- 
codimensional subspace S above is precisely the set of Rq so that 

<") 

The codimension of S is simply the number of unstable (or non-decaying) modes of the linearization: 
eight in the root space and one exponentially unstable mode. The stable manifold Ai is the surface 
described by the parameterization Rq h- » Rq + <&(i?o) where i?o belongs to a small ball B C\S inside 
of S. The inequality (jSJ means that S is the tangent space to M. at zero, whereas expresses 
that M is given in terms of a Lipschitz parameterization. It is easy to see that it also the graph of 
a Lipschitz map <I> : S D B — > E. Indeed, define $ as 

Ro + PsHRo)^ Ro + HRo), 



3 



where S is the projection onto S which is induced by the Riesz-projection / — P+(ao) (the latter 
operates on I? x L 2 , whereas we need only the first coordinate of this projection, see Remark 1151 
below for the details of this). The left-hand side is clearly in S. Moreover, to see that this map is 
well-defined as well as Lipschitz, note that (jHJ) implies that 

(1 - C5)IR! - Roll < \\Ri -Ro + HRi) - HRo)\l < (1 + C<J)|i2i - R \\ 

(1 - C^lli?! - RoW < - Rq + P s $(Ri) - PsHRo)\\\ < (1 + CS)\\Rx - Rol 

Theorem ^ should be understood as follows: The instability result of Berestycki and Cazenave 
|BerCazj shows that one can have finite time blow-up for initial data ipo = (/>(•, a) + Rq where Rq 
can be made arbitrarily small in any reasonable norm. On the other hand, one may ask what 
the obstruction for global existence and even stronger, for asymptotic stability, is in the orbitally 
unstable case. Naturally, the first guess is the unstable subspace of the linearized evolution e _i ' w 
with H as in ©. This refers to the finite-dimensional subspaces of those / G L 2 (M 3 ) x L 2 (R 3 ) for 
which e~ lt ^f does not decay locally as t — » oo. Clearly, this subspace contains all the (generalized) 
eigenspaces of all eigenvalues of H(a) that lie on i~R + U {0}. Conversely, we show in Sections and El 
that (for much more general systems than @) 

sup||e~ im ^(/-P+(a))|L 2 <oo. (12) 

While this bound was proved by Weinstein |Weilj and |Wei2j in the subcritical case, in which 
/ — = P s only projects out the rootspace at zero, we are not aware of a reference for (|12jl. 
Moreover, adapting the method of proof from ^GolSchj from the scalar case considered there to the 
matrix case needed here, we show that 

||e- itW W(I-P+(«))|| 1 ^ oo <t-I (13) 

for all t > 0. In view of Q12j) and (|13|) . it is conceivable that at least in first approximation, the 
condition (|llj) should ensure stability. On the other hand, since it is based on linearization, one 
needs to expect quadratic corrections. This is precisely the content of (jHJ). So the statement of the 
theorem is that after quadratic corrections, (|llj) gives the desired asymptotic stability. 

In the subcritical (monomial, say) case the linearized operator © has a root space of dimension 
eight and no imaginary eigenvalues. Since there is asymptotic stability in this case, one would 
naturally expect that the root space should not contribute to the "bad directions" in the supercritical 
case, i.e., that the codimension of the true stable manifold should really be one for (^Q). This can 
indeed be achieved by letting all symmetries of the NLS act on the manifold Ai from Theorem ^ 
In this way we regain eight dimensions (six from the Galilei transforms, one from modulation, and 
one from scaling) provided we show that these symmetries act transversally to M. This is done in 
the following theorem. 

Theorem 2. Impose the spectral conditions for all a > and fix any «o > 0. Then there exist a 
small 5 > and a Lipschitz manifold M of size 3 8 and codimension one so that <fi(-,ao) G M with 
the following property: for any choice of initial data tp(0) G M the NLS Q has a global H 1 solution 
ijj(t) for t > 0. Moreover, 

m = w(t,-)+R(t) 

3 This means that JV is the graph of a Lipschitz map >!/ with domain B PI S where S is a subspace of codimension 
one and with B as in Q. 
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where W as in © is governed by a path ir(t) of parameters so that |vr(0) — (0, 0, 0, ckq) | < o~ and 
which converges to some terminal vector 7r(oo) such that sup t>0 \ ir(t) — 7r(oo)| < 5 2 . Finally, 

\\R(t)\\ w i,2 < S, ||fl(t)||oo<<5H 
for all t > and there is scattering: 

R(t) = e itA f + o L 2 (1) as t -» oo 

/or some /o 6 £ 2 



This result raises the question of deciding the behavior of solutions with initial data 4>(0) E B\ N . 
One reasonable possibility would be that any initial data (f)(0) € B \M leads to blow up either as 
time goes to +oo or — oo. 

The motivation for studying these question was two- fold. First, it is natural to seek stable 
manifolds for unstable problems. There is a substantial ODE literature in this context, but the 
PDE case is much less studied. One example where stable manifolds have been constructed for 
Schrodinger equations is the recent paper by Tsai and Yau |TsaYauj . although the problem they 
consider is rather different from the one studied here. 

Second, there is a large literature concerning asymptotic stability questions for subcritical equa- 
tions, see the papers by Soffer, Weinstein SofWcil , SofWei2 , Pillet, Wayne PilWay , and Buslaev, 



Perelman |BusPeri] , |BusPer2~] . as well as Cuccagna |Cucj . Recently, there has also been some work 
on the multi-soliton case, see Rodnianski, Soffer, and the author jBodSchSofT]. |Bo dSchSof2]. as 
well as Perelman |Per3j . Most of these papers are based on a Lyapunov-Schmidt reduction, i.e., 
on splitting the evolution into a finite dimensional part and a complementary part on which the 
linearized evolution needs to be dispersive. In the subcritical case the finite dimensional part is 
exactly the root space, assuming as one usually does, that there are no other eigenvalues than zero. 
The dimension of this finite dimensional part then coincides with the number of parameters in our 
soliton (namely eight). This is natural, since both are intimately related to the family of symmetries 
of the NLS (UJ), see jWeiT] . This fact allows one to write down a system of ODEs for the parameter 
paths called the modulation equations which ensure that the finite dimensional part is not present 
at all. In the context of asymptotic stability of solitons this method was first implemented by Soffer 
and Weinstein SofWcil , SofWci2 . Our second motivation for Theorem^was the question to what 
extent these asymptotic stability methods also apply to the L 2 supercritical case, which is orbitally 
unstable. As explained before, for the case of supercritical monomial nonlinearities the time evo- 
lution of the linearized problem has exponentially growing solutions. Needless to say, these modes 
cannot be controlled by the modulation equations. Rather, they need to be eliminated by a different 
mechanism. To first order, the unstable modes of the linearization need to be removed from the 
initial conditions. This is the origin of (|llj) . However, this is only an approximation and quadratic 
corrections need to be made. 



2 The linearization, Galilei transforms, and ^7-invariance 

As in RodSchSof2. we require the soliton paths in (J2J) to be admissible. The constant 5 which 
appears in the following definition is the same small constant as in Theorem ^ It will be specified 
later. 
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Definition 3. We say that a path tt : [0, oo) —* M 8 with n(t) := (j(t),v(t),D(t),a(t)) is admissible 
provided it belongs to Lip([0, oo), M 8 ), the limit 

lim ( 7 (t),«(t),D(*),a(*)) =: (7(00), v(oo),D(oo),a(oo)) 

t— >oo 

exists, and such that the entire path lies within a 5 -neighborhood of those limiting values for all times 
t >0. Moreover, we assume that 

\v(t) — v (00) I = o(t _1 ) as t — > 00 

(|u(cj)| + |d(cr)|) da ds < 00. 



'0 Js 

Under these conditions, define a constant parameter vector ir^ = (7^ , Voo , , ) as 

/>oo />oo 



7oo 


:=7(oo) +2 




:= f (00) 




:= D(oo) - 2 




:= a(oo) 



W^ii/i £/iese parameters, define the usual Galilei transform to &e 

g fa\ _ e «(7oo+foo-x-<|«oo| 2 ) g — i(2tu 00 +D o)-p' /-^\ 

where p := — iV. 

The action of 0oo(£) on functions is 

(0oo(*)/)(x) = e *(7«+«co- a »-t|«a | a ) / ( a . _ 2tooo _ DJ, 

they are unitary on L 2 , isometries on all LP ', and the commutation property e** A 0oo(O) = 8oo{t)e lt ^ 
holds. The inverse of floo(t) is 

g = e i ( 2tv °°+ D °°)'P e ~ i ("(°°+ v °o' x ~ t \'°°°\ 2 ) = e -i{loo+ v oo- D oo+v 00 -x+t\v 00 \ 2 ) e i{2tv 00 +D 00 )-p 

Moreover, the Galilei transform (|14|) generates an eight-parameter family of solitons: Let (j)(-,a 00 ) 
be the ground state of (J2J) with a = a^. Then 



WooCV) = 0oo(t)[e ito -0(-,aoo)] (15) 

solves (JJl, where Woo is a soliton as introduced in © but with the constant parameter path i:^. 
For future reference, let 

Uoo{t) ■= 2it>oo + Ax,, 9oo(t,x) := Woo • x - i(boo| 2 - "L) + 7oo- (16) 

We will use repeatedly that 

0oo(t,x + yoo) = i(|-Uoo| 2 + aL) + w oo • (z + Ac) +7oo- (17) 

With these notations, Woo in H15|) takes the form 

W <x (t,x) = e i0 °°M<l>(x-y oo (t),a oo ). 
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Lemma 4. Suppose n is an admissible path and let 9,y and OooiUoo be as in (pE|), (jHJ), and (|16|) . 

respectively. Define 

Poo(t,x) := 6(t,x + yoo) - oo (t,x + 2/00). (18) 

Then 

Poo (t, x) = (l + \x\)o(l), y(t) - Voo (t) = o(l) 

as t — > 00. 

Proof. In view of the definition of 7roo, 

rt 



6»(t,a; + 2/ oo )-0 oo (t,x + y oo )='i;(t)-(a; + 2*^00 + ^00)- / (|u(s)| 2 - a 2 (s)) ds + 7 (t) 

Jo 

- Woo • (x + 2tfoo + Doo) + *(>oc| 2 - a 2 ^) - 7oo 

poo poo 

= (v(t) - Voo) ■ (x + 2tVoo + Ax>) + 2 / / (v • i) — aa)(a) duds 

jO is 

pOO poo 

— loo + lit) — 2 / / (u • i; — ad)(<r) dads 

Jt Js 



= (v(t) - Voo) ■ (x + 2tvoo + Doo) - 2 / / (v ■ v — aa){a) dads 

Jt Js 

- 7 (oo) + 7 (t). (19) 

Using Definition 01 implies the desired bound on p^. As for y(t) — yoc(t), the definition of implies 
that 

pt poo poo 

Vao(t)-y(t) = 2tooo + -Doo-2 / v(s)ds - D(t) = D(oo) - D(t) -2 / i>(o-)d<xds, (20) 

which goes to zero as t — > 00. □ 

Recall from Section ^ that we seek an .ff 1 solution ?/>(£) of the cubic NLS Q of the form ip = 
W + R. The following standard lemma derives the equation for R, or rather for the vector (^J . 

Lemma 5. Assume that ir(t) = (l(t), v(t), D(t), a(t)) is admissible, see Definition^ and let W = 
W(t,x) be as in ©. Let < T < 00. Then tp G C([0, T), H 1 ^ 3 )) n C 1 ([0, T), i7 _1 (IR 3 )) sofees © 
wit/i ip = W + R iff Z = (j|) solves the equation 

{ A + 2\W\ 2 W 2 \ f-xe i9 ^(--y,a)\ f-e ie <!>(■- V, a) 

^ + ^ _ W 2 _ A _ 2 |V^| 2 V \xe-»<i>(- -y,a)J + 7 \ e -^(- - y, a) 

..( e w dM- -V> a )\ + -f)( ~e*V0(- - y, a) 
+ %a \e-i<>d a <f>(- - y, a) J + * {-e^V^- - y, a) 
f-2\R\ 2 W-WR 2 -\R\ 2 R\ 

V 2|i?| 2 iu + wi? 2 + |i?| 2 J? y 1 ; 

in the sense of C([0,T), H l {R 3 ) x iJ^R 3 )) n C 1 ([0 J T), ^(M 3 ) x id^QR 3 )). Fere y and are fte 
functions from © and (jlj, and a = a(t). For future reference, we denote the matrix operator on 
the left-hand side of (|21j) by —H.(Tr(t)), i.e., 

( -A - 2IIUI 2 -W 2 \ 
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Proof. Let = </>(■, ce(t)) for ease of notation. Direct differentiation shows that W(t,x) satisfies 

id t W + AW = -\W\ 2 W - W(vx + 7) - ie ie Vcp ■ D + ie id ad a (j). 
Hence W + R is a solution of Q iff 

i$22 + Ai? = -2|VF| 2 i? - 2\R\ 2 W - \R\ 2 R - W 2 R - WR 2 - e i6 4>{vx + 7) - ie ie V(p • D + ie ie dd Q (/>. 
Joining this equation with its conjugate leads to the system (|21|). Conversely, if Z'(O) is of the form 



Z(0) 



Ui(o)/ 



and Z(i) solves IJ21JI. then Z(i) remains of this form for all times. This is simply the statement that 
the system (1211) is invariant under the transformation 

J:f»77, J=(l I), /=(£), P3) 

which can be checked by direct verification. This fact allows us to go back from the system to the 
scalar equation. □ 



The issue of ^7-invariance is of great importance. The J- invariant vectors in L 2 (M 3 ) x L' 
form a real-linear subspace, namely 



{(£)|/eL 2 (M 3 )}. 



Writing / = /1 + i/2 it can be seen to be isomorphic to the subspace 



{ I fi, h e i 2 (K 3 ), fx, f 2 are real-valued}, 



which is clearly linear, but only over R. We need to insure that all vectorial solutions we construct 
belong to this subspace. Only then is it possible to revert to the scalar NLS (|T|). 

As usual, it will be convenient to transform (|21|) to a stationary frame. In addition, a modulation 
will be performed. The details are as follows. 



Lemma 6. Let n(t) be an admissible path and let tt^ be the constant vector associated with it as in 



Definition^ Given a vector Z = (f 1 ), introduce U, as well as M(i),Qoo(t) by means of 



e M*) \ /Boo (*)"%(*) 



m ~\ « ^){-^Fm)^ M{t)SM ' (24) 

where u(t) = —ta 2 ^. Then Z(t) solves (|21|) in the H 1 sense iff U = (^) as in (|24[l satisfies the 
following PDE in the H 1 sense (with cp^ = (j>(-,aoo)): 

iU(t) + ( A + 2 _^ 2 -« 2 oo ^ A _ 2 £ + a 2 )u = ita K WW + N(U,v) + VU (25) 



'OO "TOO 1 ""^OO 
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where we are using the formal notations 

V = V(t\-=( 2(^(x)-0 2 (x + yoo -y)) </4(x)-e 2i ^ 2 (x + yoo -y) \ 

W ' V -4> 2 oo(.x) + e- 2 ^^(x + yoo -y) -2(<A 2 (x)-^(x + y 00 -y)) ; lZDj 

nd n W(n) :=v(- {x + + *° " ^ +7^^ + ^ " ^ (27) 

Vl^ + yooje ^(pix + y^-y)) \e l P°° <p{x + Voo - y) J 

+ ia( eipo ° da ^ x + y °°~ y ^\ ^^^^ + ^00 - y) 

Ve" ip °°<9 Q 0(x + yoo - y)/ Ve-^ 00 V0(s + Voo - y) 

N(u ) . = /-2|^i| 2 ev»0(aj + yoo - y) - e"^0(x + yoo - y)C/ 2 - |E/i| 2 E/A 

1 ,?r; ' V 2\U2\ 2 e- l P~<f)(x + y oo -y)+e i P™0(x + yoo - y )Ul + \U 2 \ 2 U2 )' 1 j 

.Here poo = Poo(t,x) is as in Lemma^ <p(x + yoo — y) = 4>{x + yoo(t) — y(t),a(t)), and u> = ui(t) 
is as in (|24|). Finally, Z is J -invariant iff U is J -invariant, and U is J -invariant iff U(Q) is 
J -invariant. 

Proof. Throughout this proof we will adhere to the convention that <fi — (/>(•, o?(i)) whereas </>oc — 
^(•,aoo)). Write the equation (|21|) for Z in the form 

id t Z-H 00 Z = F+(H(Tr(t))-H 00 )Z (29) 

where 

/-A-2|W^| 2 -Wl \ 

00 "V wl A + 21^1 2 M,) 



see Jinj) and ([THjl. With £00 (t) defined as in pij). and with p= -iV, 

.d n . /'»floo(*)" 1 M Z' -(2^oo -P+ |woo| 2 )5oo(i) _1 /i 

«3T^oo(i)j 



* \*&x>(*) -1 /2/ V-(2r; oo -p-|t; oo | 2 )0 oo (t)- 1 /2(i) 

-(2^00 -p+ boo| 2 ) 

-(2Voo -P- l^ool 2 ) 



2, \Qoo(t)f (31) 



for any / = (^) . Furthermore, 

M(t)Qoo (t)Hoo (32) 

e^W W-(A + 2<&) Qoo ^h - fa eM-i^+v-) g 00 (ty 1 f2 

e— W J U 2 oe- 2 ^^ + ^)floo(t)~ 1 7i'+(A + 202 o ) 0oo (t)-i^ 

e^W \ / -| Voo | 2 + 2^ 00 -V \ (h 

e -M*)Jl | Voo | 2 + 2*u 0O .V J^^U 



Now 



e-M*) J V^2 o e-2i[0 oo (*, a; +j/ oo )-(t|« oo | 2 +^-(x+D oo ) +7 ^)] ^(tj-i/j + (A + 2^) g O0 {t)- 1 h 

\ / -\ Voo \ 2 + 2i Voo ■ V \ ffi 

e— | Woo | 2 + 2i Uoo .V J y °° {t) \f 2 

9 OQ (t,x + yoo) - (t|foo| 2 + Voo ■ (x + Doo) + Too) = talo 
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see 1)17(1 . Hence, by the definition of u(t) (and dropping the argument t from M and for 
simplicity), 

ITO _ ( ^ (t) \ / -(A + 2&) -^e 2 ^ \ 



Goof 



e luj{t) \ / -boo| 2 -2voo -p 
e-^W / V \v O0 \ 2 -2v O0 -v 

-A -20*, \ f -\ Voo \2-2v 00 -p . 



Denote the first matrix operator in (|33|) by H<*. Hence, in combination with (|31|) one concludes 
from ((22) that 

zfj = iM^ooZ + iM&oZ + MG^Hoo + MQ OQ (F + (H(?r(t)) -H^Z) 

7 °)MU + ("^-! +k|2) , 9 ° , |2 ,V^ + H,M^ 

o w y \ o -(2uoo -p- Pool ) y 

M 2 + 2«oo • p o W gooZ + Mgoo(F + (w( ^ )) _ Woo)z) 



A - + 20, 



f a „2°?o^ ^)+Maoo(F + (W(vr(t))-W 00 )g- 1 M- 1 C/). 



It remains to compute the terms 



WW + iV(C7, vr) = Af (t)&o(t)F(t) (34) 
F = M(t)goo(t)(W(7r(t)) - Hoo)^^)" 1 ^^)- 1 (35) 



In view of (|2*Tj) . one has 



—xe ie <j)(x — y)\ . /—e l9 4>(x — y) 
xe~ l0 (f>(x — y) ) ^ \e~ ie (f)(x — y) 



. . / e ie d Q (t>(x - y) \ ■( -e i9 V<t>(x-y) \ f -2\R\ 2 W - W R 2 - \R\ 2 R 
+ %a y e -i9Q a ^ x -y)) +l V-e-^V0(x - y)J + V 2\R\ 2 W + WR 2 + |#| 2 # 

Now 

6(t,x + yoo) - (alot + Woo • (x + D^) + t|-Uoo| 2 + 7oo) = 6(t,x + yoc) - 9 oa {t,x + y^) = Poa{t,x), 

see (|17|1 and Lemma Thus, the first term of MQF is 

\ f-(x + y oo )e i0 (*' :c+y °°) e -*(*l«ao| a ^oo-(a*-Ax>)+7«)0( z + y ^_ y ^ 
e _itJ y y (x + y^e-^^^+y^ e i ( t \ v ^\ 2+v ^^ x+D ^ + ^(j)(x + y^ - y) 

\(a: + yoo)e~ ipoo{t ' x H{x + Voo-y))' 

This gives the v term in (|27|). The other terms involving a,j, and D are treated similarly, and we 
skip the details. The cubic term in (|21|) is also easily transformed, and it leads to the nonlinear term 
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N(U, 7r)in 1)28(1 . We skip that calculation as well. Finally, it remains to transform 7i.(ir(t)) — 7i c 
One has 

H(ir(t))-H c - I ^U-yoo)-<t> 2 {--y)) e^<Pl(-- yoo )-e^U 2 (--y) 



e -2i^2 ( . _ y) _ e -aw-^ o( . _ yoo) _ 2 ($ o (. _ yoo ) - - y)) 
where = 4>{- — yoo(t), aoo), </> = <t>{' ~~ , ct(t) ) for simplicity. It is easy to check that 

2(^(x)-0 2 (x + 2/oo -y)) * 
>(^(x)-e- 2 ^ 2 (- + yoo -y)) * 



G x (t)(H(7r(t)) -Hoc) = ( _ .-2^/2 M _ p -2i Poo ^2 ( , ..^ ... )&o(*)- 



After conjugation by the matrix M{t) this takes the desired form (|26|) and we are done. For the 
final statements concerning ^7-invariance, observe first that the transformation (|24|) from Z to U 
preserves ^7-invariance. Second, the equation (|25|) is ^-invariant, which shows that it suffices to 
assume the jT-invariance of £7(0) to guarantee it for all t > 0. To check the jT'-invariance of (|25|). 
note that the right-hand side of (|25j) transforms like 

J[nd n W(Tr) + N(U, 7r) + VET] = -[^^(tt) + N(JU,ir) + V\7«], 

while the left-hand side transforms as follows: 

V "<%o "A-2^ + a^ y 

Combining these statements yields the desired ^7-invariance of (|25|1. □ 

In what follows, we will need to bound the nonlinear term N(U, tt) in various norms. For future 
reference we therefore include the following lemma. 

Lemma 7. Let tt be an admissible path and let N(U,tt) be as in (|28|) . Then 

IliV^^llx^mindlC/llLjI^II^ + llt/lli (36) 

\\N(U,n)\\ 2 <min(\\U\\l,\\U\\t) + \\Uf 6 (37) 

\\VN(U,tt)\\ 2 < mm(\\U\\L, Ml) + \\UVU\\ 2 + W|| 2 (38) 

||VJ\T(l7,7r)||i < mm(\\U\\L Will) + \\UVU\h + |||t/| 2 W||i (39) 

Proof. Direct estimation of the terms of the matrix on the right-hand side of (|28j) . □ 

3 The linearized problem and the root spaces at zero 

Recall that cf) = (/>(•, a) is the ground state of — A(j) + a 2 cj) = cp 3 . Define 

n ^-={ ^ A + 2<A 2 -a 2 J- (40) 

Hence the matrix operator on the left-hand side of (|23|) is equal to — W(aoo), i-e., <(23|) can be 
rewritten as 

idtU-H(a 00 )U = 7cd 7r W(ir) + N(U,ir) + VU or id t U - H(t)U = -kd^W{i:) + N(U,ir), 
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where 7i{t) := W(a oc ) + V(t). The main goal of this section and the following one is to characterize 
the entire discrete spectrum of Ti(a). More precisely, we will show that zero is the only real eigenvalue 
in [—a 2 , a 2 ], and that there is a unique pair of imaginary eigenvalues ±io~, each of which is simple. 
As mentioned in Section ^ we will need to impose the following spectral conditions on the essential 
spectrum: 

Definition 8. For all a > we assume that TC(a) has no embedded eigenvalues in its essential 
spectrum (—00, —a 2 ] U [a 2 , 00), and that the edges ±a 2 are not resonances. 

Now fix some a > 0. Because of the aforementioned properties of H.(a), one has the representa- 
tion 

L 2 (R 3 ) x L 2 (R 3 ) = M + C + {M* + C*) 1 

where C, C* are the sum of the eigenspaces corresponding to the purely imaginary eigenvalues of 
TC(a) and Tt(a)* , respectively, and N,ftf* are the root spaces of 7i(a) and 7i(a)* , respectively, i.e., 

00 00 
AT = (J kev(n{a) n ), AT* = \J ker((W(a)*) n ). 

71=1 n=l 

The sum here is direct but not orthogonal. In particular, this representation shows that 

Ran(P s (a)) = {Af* + C*) x (41) 

where I— P s (a) is the Riesz projection corresponding to the discrete spectrum of 7i(a), see LemmaRlfl 
below. In |Weilj . Weinstein showed that the root spaces Af(a) and M*(a) of TL{a) and TC*(a), 
respectively, are (with 4> = 0( - ,a)) 

^^<^{(-'t)'(t:)'(a;:)'(-^)i i£ ^ 3 } «*> 

Showing that the root spaces contain the sets on the right-hand side is just a matter of direct 
computation. The difficulty lies with showing the equality. Moreover, Weinstein showed that 
ker(W 2 (a)) = ker(W 3 (a)) (his argument only applies to certain nonlinearities, which include the 
cubic NLS in M 3 ). 

In order to apply the linear dispersive L 1 (1R 3 ) — ► L°°(M 3 ) estimates from Section and |H1 to (|25[). 
one needs to project U onto Ran(P s ). Following common practice, see Softer, Weinstein (SofWeil] . 
Sof Wei2j . and Buslaev, Perelman |BusPeri| . we will make an appropriate choice of the path ir(t) in 
order to insure that U(t) is perpendicular to M* . However, for technical reasons it is advantageous to 
impose an orthogonality condition onto a time- dependent family of functions rather than M* itself. 
We introduce this family in the following definition. In view of Lemma HJ it approaches N* in the 
limit t — > 00. 

Definition 9. Assume that tt is an admissible path and let y,9 be as in @ ; j/oo^oo as ^ n (HH) ,- 
and poo as in (fTH|) . With these functions, define 

ie^ d a c/)(- + yoo -y,a(t)) \ 
i e -ip°c, d a <j)(- + yoo-y, a{t))j 
( ie^d^ + y^-y^ait)) \ 
\-i e -ip°°de<l>(- + yoo- y,ot(t))J 



-iPo 



o^Poo 



■ + Voo - 
(■ + Voo 



X£<j)(' 
e -ipao Xl<j)( 



+ Voo 

+ 2/00 



y,a(t)) 
y,a{t)) 

- y,oc{t)) 

y,a(t)) 



12 



for £ = 1,2,3. We also introduce another family {r]j}j_ t by 

T)j = ( ~ Q l M tj for any 1 < j < 8. (44) 

By inspection, J^j = £j for 1 < j < 8 and we chose rjj in such a way that jTryj = r\j for each j. 
Clearly, while the £j correspond to W*, the r/j correspond to cf. (|4*2*)l and (|4*3*|) . Let U be as in 
Lemma El We refer to the condition that 

(U(t),^(t))=0 (45) 

for all t > 0, 1 < j < 8 as the orthogonality condition. As usual, the orthogonality condition (|4"5|) 
leads to an ODE for the path vr(t). Following |Cucj . we first modify the 7 parameter. 

Lemma 10. Let 7r(t) be an admissible path as in Definition^ Set 

7(t):=7(*) + 6(t)-Voo(t) (46) 

and 7(00) := 0,i.e., 

(is. 



7(*):=-y [7(*)+*(*)-yooW 

Tnen i/ie function ird n W(Tr) on the right-hand side of (|25|) satisfies 

3 

Trc^W^Tr) = i [ ^(Z^r/ 5 +^ - V£T]2 + £) + dr/2 - 7771 
£=1 

where the functions { 7 ?j}^=i are as *n <|44[). 

Proof. By inspection. □ 

The following lemma records some useful facts about the two families in Definition |SJ 

Lemma 11. Lei = 0(-,a(t)) be the ground state of (J2J) and Zei {£j}| =1 and {rjj}^ =1 be as in 
Definition^ Then 

(€i,Vj) = 2 (da4>, 4>) if j = 2 and = else, 
= -2(d a (p,(p) if j = 1 and = else, 
(£2+1, Vj) = -2(4>, 4>) if j = 5 + £ and = else, 
Vj) = 2 (4>, 4>) if j = 2 + 1 and = else. 

Here d a (4>,4>) = 2(d a (p,(f)) = — a -1 H^Hl- Moreover, let 0-3 = f J ^1 ) 

E := [-\v(t) - Voo \ 2 - 2i(v(t) - Voo ) ■ V + c4 - a(t)Vs (47) 
and H(t) = Tiiooo) + V(t), see (JUJ) and (J2SJ). T/jen 

= -2ia(t)fc + 

/or any £ = 1,2, 3. 
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Proof. The statements about the scalar products are checked by direct verification. That d a {4>, eft) = 
— o; 1 1 1 ^ 1 1 2 follows from the fact that the ground states (/>(•, a) of (J2J satisfy </>[-, a) = a<f>(ax, 1). For 
the action of H(i)* on }f = i it is convenient to introduce 



R 



-i 



-tpo 



and to set ^ = R l £j for 1 < j < 8. Then direct computation yields 



W(t)^{ 0) = (<& - a(t)> 3 £ 



H{t)% 



(o) 



(0) 



w(t)*e (0) 



2aer + («L-«(t) 2 v 3 ^ u 

(0) 
2+£ 



+ («L - a(t) 2 )a 3 e (0) 



2+£ ~~ i "=5+£ 1 V"-oo 



which relates the to the root space of 7i(t)* . Since 



H(t)% = RH(t)*£f + R 



A 
-A 



,R 



-1 



in 



and 
E 



(a 2 ^ - a(t) 2 )a 3 = R 



A 
-A 



,RT X 



-iAp 



\Vpoo\-2iV Poo - V 











2iVpoo • V 



the lemma follows from ()19|) , 



□ 



We can now derive the usual modulation equations for the admissible path ir under the orthog- 
onality assumption (|45|) . 

Lemma 12. Assume that it is an admissible path and that U is an H 1 solution of (|25[l with an 
initial condition U(0) which satisfies the orthogonality assumptions (|45|) at time t = 0. T/ten [7 
satisfies the orthogonality assumptions ([45 j) /or aZZ times iff ir satisfies the modulation equations 
(with E as in (|47|) and with (j) = (/>(•, a(i)) j 



2D f 



2 
2 

2 
2 

2 
2 

2**11011! 

/or all 1 < ^ < 3. 

Proof. Clearly, for any 1 < j < 8, 



(tf,£i)-i(l7,££l>- i(N(U,7r),^) 
(U,i2)-i(U,E&)- i(N(U,Tr),&) 
(U, - i(U, E( 2+e ) - i(N(U, tt), 
([/, £ 5 +^> - E ^+e) - i(N(U, tt), 



(U(t),Cj(t)) = for all t > 
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is equivalent with 

(f/(0),£j(0)) = and (d t U,£j) = ~{U,£j) for all t > 0. 

Starting from 

id t U - H(t)U = -frd n W(ir) + N(U, tt), 
the modulation equations now follow from the previous two lemmas. □ 

Later it will be important to have a family of functions that plays the same role for Z(t) as 
{£i}f=i does for U(t). The following lemma introduces this family and establishes some statements 
for it analogous to the ones we just obtained for {£j}j=i- 

Lemma 13. Fix an admissible path tt and let 9,y be as in @ and ©, respectively. Define 

~ (e"M<f>(x-y(t),a(t))\ ? (f s = ( ie i6 ^d a <ft(x - y(t), a(t)) 

W x ) ■ y e ~ie(t,x)^ x _ y ^ a{;t )) ) ' ^ x > ■ \-ie-U&*)d a <l>(x - y(t), a(t)) 

~ = ( e»te\x e -yi(t))<t>{x-y(t),a(t))\ ? m = ( ie^dg^x - y(t), a(t)) 

«+<U- \e^<t*)(xe-yt{t))<t>{x-y(t),a{t))J' \-ie-*<t>*) d e <t>{x - y(t), a(t)) 

fori = 1,2,3. Then 

£j(t) = M(t)C?oo(i)lj(£) provided j / 3,4,5 

and 

& +£ {t) = MWQooWiwit) ~ (Voo ~ V)i(t)£i(t) provided I = 1,2,3. 

Also, let U and Z be related by (|24[). Then U satisfies the orthogonality condition (j45j) iff Z(t) 
satisfies 

(Z(t),£j(t)) = for all 1 < j < 8, t > 0. 
Finally, introduce {fjj(t)}^ =l as in l|44|). i.e., 

fjj = ( Q l M |j /or any 1 < j < 8. 

T/ien i/ie same scalar product relations hold as in Lemma YTh Indeed, 

i^iiVj) = 2(d a (ft, (ft) if j = 2 and = e/se, 

(i2,Vj) = -2{d a (ft,cft) if j = 1 and = e/se, 

(&+e, fjj) = -2(cft, (ft) ifj = 5 + £and = else, 

(ts+t, fjj) = 2(0, (ft) ifj = 2 + £and = else. 

Finally, with H.(ir(t)) as in l|22[l we have the relations 

4 3 (t)-n*(7r(t))i j (t) = ^s j (t) (48) 

for all 1 < j < 8. #ere 7T* := (d, u, D, 7*), 7*(i) := 7(i) + t>(i) • y{t), and -k*Sj is a short-hand 
notation for a linear combination of {i£,j}^ =1 as well as derivatives of these functions, and with 
coefficients from the vector ±7T* . 
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Proof. This can be read off from the definitions of M(t), Goo(t)- D 

We now make two remarks. The first one concerns how to insure the orthogonality condition for 
the transformed solution U (t) (which depends on some path) at time t = by a condition which is 
path independent. The second one concerns the ^7-invariance of eigenfunctions. 

Remark 14. Let R £ L 2 (R 3 ) be such that Z = (|°) satisfies Z G AA*" 1 . According to Lemma 
the transformed initial condition is 

C/(0) = M(0)goo(0)Z . 

We claim that then {U(0), £j(0)) = for all 1 < j < 8, which is precisely the condition of the previous 
lemma. Here {£j}j=i are the functions from Definition El defined relative to any admissible path tt 
as long as it starts at 7r(0) = (ao, 0,0,0) as required by Theorem ^ (this is of course no restriction, 
since the initial soliton in the theorem is as good as any other modulo a Galilei transform). We 
verify this claim for £i(0), the other cases being similar. First, since 7r(0) = (ao, 0,0,0), one checks 
directly from the definitions that 

e -«(«<»-M»)+7»)^. + flooiao ) 



</>(•, a ; 



6(0) = 

= Soo(0)l 

Since also M(0) = Id, it therefore follows that 

mo),wo» = (mww«(*;:»)) - <*, (*£>)> =0, 

by unitarity of (0) and the assumption on Zq. 

Remark 15. By inspection, all root spaces in this section are ^7-invariant. This is a general fact. 
Indeed, one checks easily that J7i{a)J = —TC(a). Therefore, if TC(a)f = iaf with a G R, it follows 

that H(a)Jf = —iaJf where as usual J = f ^ 1 ' ^ ence 



Jker(H - ial) = Jker(ft - id) = ker(W - ial) 

for any a 6 R. A similar argument shows that the root spaces at zero are also ^-invariant. In 
particular, one concludes from this that the Riesz projections P s , Proot , Pim preserve the space of 
J-invariant functions in L 2 (R 3 ) x L 2 (R 3 ). This can also easily be seen directly: Let P be any Riesz 
projection corresponding to an eigenvalue of 7i(a) on £R, i.e., 

P= — I (zl - H(ol)Y x dz 

27TZ J 1 

where 7 is a small positively oriented circle centered at that eigenvalue. Since JTt(a)J = —Tt(a), 
one concludes that 

JPJ = — i J(zl - Hia^Jdz = — {(H(a) + ziy 1 dz. 
2m J 2m J 
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Thus, if F = (p 1 ), then —7 = 7 (in the sense of oriented curves) implies that 

7PF = — — <p(H(a) + ziy 1 dzlF = — f(zl- Hia))- 1 dzlF = PJF, 
2m / 7 2m J 7 

so J o P = P o J , as claimed. 

Another important issue related to ^7-invariance is whether or not a solution 7r(t) of the system 
of modulation equations is real-valued. This is of course crucial, and is indeed the case if U(t) is 
j7-invariant for all t > and if vr(0) 6 M 8 . However, we will not take up this issue here, but rather 
when we start solving the modulation equations by means of a contraction scheme, see Lemma I2S1 
below. 



4 The linearized problem and the discrete spectrum 

In this section we describe the entire discrete spectrum of the linearized Hamiltonian obtained from 
the cubic NLS (|T|). Recall that the nonlinearity \ip\ 2 ^ip has two scalar elliptic operators associated 
with it, namely, 

L_ := - A + a 2 - </>(-, a) 2f3 , L+ := -A + a 2 - (2(3 + 1)0(-, a) w 
where </>(•, a) is a ground state of the equation 

-A(/> + a 2 = </> 2/3 . 
The meaning of L_ , L + is that the linearized operator of the NLS 

id t ij} + AV> + H 2/3 V = 

takes the form 

iL_ 
-%L + 

provided the perturbation is written as R = u + iv and this matrix acts on (") (in contrast, (|4U|) 
acts on (b))- We are interested in the range | < (3 < 1, which is supercritical. The restriction (3 < 1 
has to do with Weinstein's work [Weilj . where it is imposed. We recall that it is know that L_ has 
zero as lowest eigenvalue (with <fi as ground state), whereas L + has a unique negative eigenvalue Eq, 
and a kernel spanned by dj(j), 1 < j < 3. In one dimension, it is known that L_ and L + do not have 
eigenvalues in (0, a 2 ), see Perelman |Per2j . In dimension three it can be checked numerically that 
this property also holds. This is accomplished by showing that the associated Birman-Schwinger 
kernels 

K_{x,y) := — — j 7- lor the case of L_ 

4tt\x — y\ 

(2P+l) ( f ) (x)^(yf 

K + (x,y) := — j j lor the case of L + 

Air\x — y\ 

have the corresponding number of eigenvalues in (l,oo): One for K_ and four for K + . We will use 
this property of L_ , L + in what follows - details of the numerical work will appear elsewhere. 

The arguments in this section apply to general nonlinearities as above, but we will present most 
proofs only for (3 = 1. We start with the existence of the imaginary spectrum. Similar statements 
were proved earlier by Grillakis |(irrij . 
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Proposition 16. Let 7i{a) be as in (|4U|) with a > 0. Then there exist a positive integer N , as well 
as an increasing finite sequence {aj(a)}j f =1 of positive real numbers so that for all 1 < j < N, 

H{a)ff{a) = ±ia j {a)ff{a) 



where ff{oi) are exponentially decreasing, C°° functions with Wf^cx) ||; 



1. 



Proof. The main point here is to show that N > 0. It will be convenient to apply a change of 
variables as follows: 

1 i y 1 ( -A-2<p 2 + a 2 -</> 2 \fl i\_f zL_ \ 

1 -i J V ^ A + 24> 2 - a 2 ) \ 1 —i J \ -iL+ J (4Jj 

where L_ = —A + a 2 — (j) 2 and L + = —A + a 2 — 3(p 2 . Since = and eft > 0, the function (j> 
is the ground state of L_, which implies that L_ > 0, kerL_ = span{</>}, and that for all / _L <f> 
||-^-/|| 2 > || /|| 2 since there is no eigenvalue in (0,a 2 ). As far as L + is concerned, clearly 

kerL + D span{(9j0 | 1 < j < 3}. 

In fact, Weinstein |Weilj (see Proposition 2.8 and the proof on page 483 of [WeTT] which appl ICS 
to the cubic NLS in M 3 ) showed that equality holds here and that L + has exactly one negative 
eigenvalue Eq, see (E.10) on page 489 in |Weilj . Since 

1 \ / iL \ / 1 V 1 / iL. 



-1 J \ -iL+ J \ -1 J \ -iL+ 

we conclude that any purely imaginary spectrum has to come in conjugate pairs, as claimed above. 
In fact, it is known that the spectrum can only be real or imaginary, see |BusPerl] or Section[7|below. 
Moreover, N < oo follows from Fredholm's alternative. Finally, to show that N > 0, consider the 
function 

5 (A) = ((L + -A)-V,0), 

which is analytic on (£"o,a 2 ). At A = it is well-defined because 4> _L ker(L + ). Moreover, g'(X) > 
on that interval, and g(\) — > — oo as A — > Eq+. Finally, it is clear that L + {d a (p) = —2a<f). Since 
4>(x, a) = a(fr(ax, 1), one has 

2(a a 0(-,a),0(-,a)) = d a \\4>(;a)\\ 2 = -a- 2 \\4>(;l)\\ 2 < 0. 

Therefore, 

s(o) = -^(a a 0,0)>o. 

We conclude that g(\o) = for some Eq < \q < 0. Hence, 

(L+ - A )- V = X ± 0, X J_0, 

which implies that x = V^-Xi f° r some xi -L 4>- Moreover, \ 6 C°° by elliptic regularity (using that 

(f>, and thus also the coefficients of L + , are smooth). It is also true that \i ls smooth. In order to 

_ i 

see this, use complex interpolation as well as elliptic regularity on L_ to conclude that L_ 2 x £ H k 
for all k > 1. This implies that xi is smooth. The conclusion is that 



(L + - X )y / L-Xi, or = y / L-(L + - A )V^-Xi 
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which in turn yields that 



Hence, the self-adjoint operator ^L-L+^JL- with domain ff 4 (M 3 ) has negative spectrum (for a 
detailed proof of the fact that ^/UZL + ^/LZ is self-adjoint with this domain see Lemma 11.10 
in RodSchSof2 ). We would like to say that it therefore must have a negative eigenvalue. In 
order to see this, we consider the variational problem 



inf UL-L+y/L-f, f) =: Ai < (50) 
ll/l|2=i,/eff 2 

and we need to show that it has a minimizer, say foo £ H 2 , H/00II2 = 1 5 foe -L 4>- Note that (f50|) is 
well-defined on H 2 rather than H 4 as long as the scalar product is interpreted as 

/ [\V^LZf\ 2 + a 2 \^LZf\ 2 -^ 2 \^LZf\ 2 ]dx. (51) 

If the minimizer exists, then by Lagrange multipliers 

a/Z7l + s/TZfoc = A/oo + fi(j) 

for some A,/i£t (in particular, 6 H 4 ). It is clear that necessarily A = Ai and \i = as desired. 
It therefore remains to find this minimizer. Pick a minimizing sequence f n £ H 2 of functions which 
satisfy both constraints. In view of (|5T|) . ||/ n ||2 = L as well as ||^/L_/||2 X ||/||#i for all / _L (f>, 
one concludes that sup n H/nll// 2 < 00 • Hence, without loss of generality, f n — v in the weak sense 
in H 2 . By Rellich's compactness lemma, /„ — ► in Hi . Therefore, the constraint _L 4> holds. 
The difficulty lies with showing the other constraint H/00II2 = 1- We claim first that 



(V^-^+V L -/oo,/oo) < Ai. (52) 

By definition, 

Ai = lim (y/LlL+y/LlfnJn) = lim / [| Vy/IZf n \ 2 + a 2 1 JTlf n 1 2 - 30 2 I v^Zfn 1 2 ] dx. 

n— >oo n— >oo Jjga 



Clearly, because of weak convergence in H , 



lim inf / [\V^LZf n \ 2 + a 2 \^/LZf n \ 2 ]dx> [ [{V^/lZf^ + ^l^/lZf, 
and by the decay of 4> at infinity, also 

lim / 3(t) 2 \^flZf n \ 2 dx = / 3(t) 2 \^fLZf O0 \ 2 dx. 



2l 



n—>oo 



Combining these statements yields (l52|). Note that because of Ai < one concludes from (|52j) in 

/= 
H7» 



particular that ^ 0. Assume now that < H/oolb < 1- Then g := □ I 00 , , satisfies ||g||2 = 1, 



g _L <f>, and 

{^/IZL + y/lZg,g} < ||/oo|| 2 2 Ai < Ai < 0, 
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which contradicts the definition of X\. Hence indeed H/00II2 = 1> an d thus is a minimizer and 
thus also an eigenfunction 

\/ L-L + ^/ L-foo = Ai/oo- 
This implies, with Ai =: — a 2 , a > and v := ^/TZ. , 

L-L + v = —a 2 v, v 7^ 0, v -L (j). 

We can find it 6 i/ 2 so that L_u = — crv, and u is unique up to a multiple of (f>. Then 

L_(u + cc/)) = — av, L-{L + v — a(u + c(p)) = 

for any c£K. Since a / 0, we can choose Co £ R in such a way that in fact 

L + v — a(u + co0) = 0. 

Renaming u + co<p into u, we obtain the system 

which shows that rj is an eigenvector with eigenvalue — icx. Similarly, one finds an eigenfunc- 
tion with eigenvalue ia. Finally, the statements concerning the smoothness and exponential decay 
of the eigenfunctions follow from elliptic regularity, and Agmon's argument in Lemma EH1 below, 
respectively. □ 

Remark 17. The previous proof is in some sense the converse of some arguments in Weinstein's 
papers |Weilj and |Wei2j . Indeed, there one uses that 9 Q [|0(-,a)[|2 > for the subcritical case to 
show that (L+f, f) > for all / _L 4>. Note that we have exploited the opposite effect, namely that 
(L+/, /) < for some / _L <j) which we derived from $ a ||</>(-, a) ||| < for the supercritical case. 

Next we show that zero is the only point of the discrete spectrum on the real axis. Since any 
such point would have to be an eigenvalue, we just need to show that zero is the only eigenvalue 
in the interval (—a 2 , a 2 ). The following lemma is somewhat stronger, since it proves this for the 
closed interval [— a 2 ,a 2 ]. The argument is an adaptation of Proposition 2.1.2 in Perelman |Per2j . It 
is based on the fact that L + does not have any eigenvalues in (0, a 2 ). 

Lemma 18. The only eigenvalue ofH(a) in the interval [— a 2 , a 2 ] is zero. 

Proof. Suppose not. Then TL(a) 2 has an eigenvalue E 6 (0,a 4 ]. For simplicity and without loss of 
generality, let us choose a = 1. Then there is ip G L 2 (R 3 ), ip ^ 0, such that 

L-L + ip = Eip 

with < E < 1. Clearly, _L <f> and ifi G H^iM 3 ) by elliptic regularity. Define A := PL + P where 
P is the projection orthogonal to <p. Since 

ker(L + ) = span{<9j</> | 1 < j < 3}, 

and (4>, d a (p) / 0, we conclude that 

ker(A) = span{dj(j), 4> \ 1 < j < 3}. 
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Moreover, let Eq < be the unique negative eigenvalue of L + . Then consider (as before) the function 

g{\) := <(L + -A)-V,0> 

which is differentiable on the interval (Eq,1) due to the orthogonality of <p to the kernel of L + . 
Moreover, 

g'(\) = {(L + - X)~ 2 4>, (f>) > 0, 5 (0) = -\{<P,d a <P) > 0. 

The final inequality here is due to the supercritical nature of our problem. Since also g(X) — > — oo 
as A — > Eq, it follows that g(\i) = for some Eq < Ai < 0. Moreover, this is the only zero of g(X) 
with E < A < 1. If we set 

r, := (L+ - Ai)" V, 

then 

^r/ = Ai?7, (V,4>)=Q- 

Conversely, if 

A/ = A/ 

for some -oo < A < 1, A / 0, and / G L 2 (K 3 ), then / _L and 



(PL+P-A)/=(A-A)/ = 0. 

Since also 

E (f,f)<(L + f,f) = X(f,f) 

it follows that A > Eq. If A = Eq, then / would necessarily have to be the ground state of L + and 
thus of definite sign. But then (/, cf>) / 0, which is impossible. Hence Eq < A < 1. But then g(X) = 
implies that A = Ai is unique. In summary, A has eigenvalues Ai and in (— oo, 1), with Ai being a 
simple eigenvalue and being an eigenvalue of multiplicity four. Now define 

T := span{?/>, r/, dj<fi, (f> \ 1 < j < 3}. 

We claim that 

dim(J^) = 6. (53) 
Since (j) is perpendicular to the other functions, it suffices to show that 

5 

ciip + c 2 r] + Cjdjfi = 

3=3 

can only be the trivial linear combination. Apply L + . Then 

ciL + ip + c 5 L + r] = 

and therefore 

ci(L+ip, ip) + c 2 (L + 7], ip) = 
ci(L+ip, 7]) + c 2 (L + 7], rj) = 0. 
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This is the same as 

c l E(LZ 1 ^,i/)) + c 2 X 1 (ri,il})=0 
ci\ 1 {ip,r]) + c 2 Xi{r],7]) = 0. 

The determinant of this system is 

EXxiLZ 1 ^)^) -A?|(r/,V)| 2 < 0. 

Hence c\ = c 2 = and therefore also C3 = C4 = C5 = 0, as desired. Thus, ()53j) holds. Finally, we 
claim that 

sup (AfJ)<l. (54) 
H/ll2=i,/eF 

If this is true, then by the min-max principle and (|53|) we would obtain that the number of eigenvalues 
of A in the interval (—00, 1) (counted with multiplicity) would have to be at least six. On the other, 
we showed before that this number is exactly five, leading to a contradiction. Hence, the lemma will 
follow once we verify (|54jl. Since (PLZ 1 Pf, f) < (/, /) for all / 7^ 0, and since E < 1 by assumption, 
this in turn follows from the stronger claim that 

(Af,f)<E(PLZ 1 Pf,f) (55) 

for all / = aip + b<p + c- V</> + dr). Clearly, we can take 6 = 0. Then the left-hand side of (|55[) is equal 
to 

{L + (aip),aip + c-Vcp + dr]) + (L+(c- V<f> + dr]), aip + c ■ V <j) + drj) 
= E{LZ 1 (aip),aip + c- V<p + dr]) + E(c- V(j) + dr}, LZ l {aip)} + (L + (dr)),drj) 
= E(LZ 1 (ai/;), aip + c • + dr]) + E(c- V<p + drj, LZ 1 (atp)) + Ai||dr/||l, (56) 

whereas the right-hand side of (fo3|) is 

= EiLZ 1 ^), aip + c • V(p + drj) + £?(c • V</> + drj, LZ 1 (aip)) + E{LZ l {c- V0 + dr?), c • + dr/). (57) 

Since 

Ai||dr/||l <0, E(LZ 1 (c-V(p + dr]),c-V(p + dri) > 0, 
we see that (|ST)) does indeed dominate (|56(l . and (|55|) follows. □ 

It will be important for us that the proof of Lemma El applies to all critical and supercritical 
nonlinearities \ip\ 2 @ip, | < /3 < 1 (the latter restriction has to do with Weinstein's paper |Weilj . 
where it is needed). In the critical case, Ai = and rj = —\d a <p> and is the only eigenvalue of A in 
(Eq, 1). Otherwise, the argument is the same. 

In the subcritical case the proof of Lemma ITH1 breaks down. In fact, the statement is false: The 
proof of the following lemma shows that there has to be at least one pair ±A of real eigenvalues with 
< A < a 2 in the subcritical case. It is reasonable to expect that there should be exactly one such 
pair, but we do not address that here. 

Lemma 19. For any nonlinearity \ip\ 2/3 ip with | < f3 < 1 the discrete spectrum of the linearized 
operator H. (a) consists of zero and a single pair of imaginary eigenvalues ±ia, a > 0, each of which 
is simple (i.e., N = 1 in Proposition \16\) . 
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Proof. Let 7 be a sufficiently large contour (say an ellipse) that contains zero and does not intersect 
(—00, —a 2 ] U [a 2 , 00). Use this contour to define the Riesz projection associated with the discrete 
spectrum. Since the Riesz projection depends continuously on the parameter (3 determining the 
nonlinearity, we conclude that its rank is constant. For f3 = | (the critical case) Weinstein showed 
that the dimension of the root space at zero is ten. Moreover, it is known that the spectrum has to 
be real in that case, and we just showed that zero is the only point of the discrete spectrum. Hence 
the rank is ten for all | < (3 < 1. Moreover, in the supercritical case Weinstein showed that the root 
space at zero has dimension eight (in fact, it is enough for us now to know that it has rank at least 
eight, which is obvious), and we know that there are no other real eigenvalues and at least one pair 
of purely imaginary ones (in fact, the existence would now also follow). So there has to be a unique 
pair, each of which is simple. We are done. □ 

Next, we turn to the issue of resonances of TC(a) at the edges of the essential spectrum. A 
"resonance" at a 2 (or —a 2 ) here refers to the existence of a solution / to TL{a)f = a 2 f (or = —a 2 /) 
so that / L 2 (R 3 ), but such that 

|/(x)| 2 (l + \x\)~ 2 ^ dx < 00 (58) 

R 3 

for all 7 > As will be explained in Section [3 if ±a 2 are neither resonances nor eigenvalues (we 
have already excluded the latter), then (Tt(a) =F a 2 ) -1 is bounded on suitable weighted L 2 spaces. 
This will be important in order to establish the dispersive estimates for e lt ^ a \ The proof of the 
following lemma is similar to that of Lemma [THl and is an adaptation of the argument in Appendix 1 
of Perelman's paper [Per2|. It shows that if the scalar operator L_ does not have a resonance at a 2 
(the edge of its continuous spectrum), then the matrix operator H(a) does not have a resonance at 
±a 2 . While it is easy to verify this in one dimension (say numerically, see also |Per2j where this fact 
is mentioned but not proved) , it is not clear to the author how to accomplish this in three dimensions 
(even numerically). Hence we leave it as a conditional statement. 

Lemma 20. Suppose that L_ has neither an eigenvalue nor a resonance at a 2 . Then the edges ±a 2 
are not resonances ofTL(a), i.e., there do not exist solutions f ofTL{a)f = ±q 2 / which satisfy (f55|) 
but are not in L 2 . 



Proof. We again set a = 1. By symmetry, it suffices to consider the right edge a 2 . Suppose then 

(!) 



there is such a solution / with 7i(a)f = f. Write / = (j). Then iL-'ip = ip and —iL + ip = "ijj. In 



particular, L_L + ip = ip and 

/ \i){x)\ 2 dx = 00, / |V>(^)| 2 (1 + \x\)~ 2 ^dx < 00 

for all 7 > |. Clearly, (tp,<p) = 0, the latter inner product being well-defined because of the rapid 
decay of (j) and (|58|) . Furthermore, V £ Hf oc (J$?) by elliptic regularity. Pick a smooth cut-off x ^ 
which is constant = 1 around zero, and compactly supported. Define for any < e < 1 

(<t>,<P) 

Clearly, {ip £ ,(p) = and \n(e)\ = o(l) as e — > (in fact, like e~ c ^ £ ). It follows that 
\\^\\ 2 = M (s) + o(l), M (s):= f \4>(x)\ 2 X (ex) 2 dx 
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with Mq(s) —* oo as e —* 0. We now claim that 

(L + V/,V/) = 11^111 + <(L+-l)V,^>+o(l) (59) 
as e — > 0. We will need to justify that 

M(e) :=((L+-1)^V) 

is a finite expression. We first show that this justification, as well as ()59p can be reduced to showing 
that V?/> G L 2 (M 3 ). Write L_ = -A + 1 + V\ and L + = -A + 1 + V2, with Schwartz functions Vi,V 2 
(they are of course explicitly given in terms of (f), but we are not going to use that now). We start 
from the evident expression 

(L + ^,^) = ll^lll + ((L+ - IW^ £ ) = WWl + ((-A + V 2 W, ^). 
By the rapid decay of V 2 and (|58|) . 

((-a + f 2 )v £ ,v £ ) = / \y^ £ (x)\ 2 dx+ [ v 2 {x)\ij{x)\ 2 dx + o{i). 

Assuming G -L 2 , we calculate further that 

\Vvp e (x)\ 2 dx = I Vij){x)x(£x) + e4>{x)Vx{ £x ) 



dx 

\V^(x)\ 2 dx + I \V^{x)\ 2 (x(ex) 2 - l)dx 
+ 2e ip(x)x(£x)Vip(x) ■ Vx( ex ) dx + e 2 / ip(x) 2 \Vx{ ex )\ 2 dx 
|V^(x)| 2 dx + o(l). 



To pass to the last line, estimate the error terms using Vtp G L 2 and (|58f) (any 7 < 1 works here). 
This proves (|59j) provided we interpret {{L+ — as 



[|W>(x)| 2 + V 2 {x)\^{x)\ 2 ]dx. 

JR 3 

To prove S/ip G L 2 , we start from the definition, i.e., 

(-A + 1 + Vx)(-A + 1 + V 2 )ip = ij) 

which can be written as 

(A 2 - 2A)V + (-A + l)V 2 iP + Fi(-A + + FxV^ = 0. (60) 
At least formally, integrating by parts against ip yields that 

II A^IH + 2||V^||1 < f(\Vi\ + \V 2 \ + \ViV 2 \)mx)\ 2 dx + \\V 2 ^\\ 2 + HV^II 2 + ~||A^|||, 
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and thus, in particular, X7ip £ 1? . To make this precise, we write the defining equations as —iL + tp = 
and iL_ip = ip. Then 

—Aip = iip — tp — V21P 

which implies that (via (|58(0 

/ \A^{x)\ 2 (x)~ 21 dx < 00 V 7 >-. (61) 

It is now a simple matter to deduce from this and (|58f) that 

/ \V^{x)\ 2 (x)- 2 "t dx <oo V 7 >^. (62) 
JW> 2 

This can be done in various ways. For example, it follow from Gauss' integral theorem applied to 
div(uVu(x)~ 2,y ) that for all u £ H 2 with compact support 

\Vu(x)\ 2 (x)- 2 ^ dx < C [ (\u(x)\ 2 + \Au(x)\ 2 )(x)- 2 ^ dx. 



Setting u = vp £ , and letting e — > yields the desired inequality 1)62(1 for Vu. To make our heuristic 
argument leading to Vt/> £ L 2 precise, we pair (|6()[1 with x{ £ x) A ijj and integrate by parts. This yields 

(Aip,A(x(e-) 4 ip)) + 2(W, V( X (e-) 4 ^)) 

= -(V21J1, ("A + l)xH 4 V>> - ((-A + 1)^, Vi X (e-)V> " <VW, X(e-) 4 V>>- 

The terms on the right-hand side are uniformly bounded as e — > due to (|58jl. (|6T|) and (|62|) and 
the rapid decay of Vi, V2 and their derivatives. The second term on the left-hand side satisfies 

3„/./„.\ 1 „,/„_\4t 



V-0(x)(4eVx(ea;)x( ea; ) ^C 35 ) + x( ex ) VV'(x)) dx 

3 

>-/ |V-0(x)| 2 x(^) 4 (ix-Ce 2 / \^{x)\ 2 \V X {ex)\ 2 x{ex) 2 dx 
> \ I \V^(x)\ 2 X (ex) 4 dx-0(l) 

by ((58)1 . Similarly, 

<av,a(xH 4 V0) 

A^(x)((4e 2 Ax(ex)x(£x) 3 + 12e 2 | Vx(ex)| 2 x(ex) 2 )V(x) 
+ 8£Vx(£2;) • Vrp(x)x(ex) 3 + x( ex ) 4 Aip(x) ) dx 



>- I \A^(x)\ 2 x {ex) A dx- Ce 2 I \V^{x)\ 2 X {ex) 2 dx 



Ce A / \i>(x)\ 2 [\V x {ex)\ A + X (ex) 2 )dx 



2 



> i / |A^(a0| 2 x(ea0 4 dx-O(l) 
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by 1)58(1 and (|62|) . Combining these estimates and invoking the monotone convergence theorem yields 
AV> G -L 2 and VV> G L 2 . It is easy to see that the previous argument allows a better conclusion 
than L 2 , namely that (x) b Aip S I? for any 5 < ^ and similarly for V^. In fact, a much stronger 
conclusion is possible for Avp: recall that g\ := ip + iip and g 2 := ip — iip satisfy 

-A + l + Wi W 2 \(9A = (9i 

-W 2 A-l-Wx) \g 2 ) U 

where W±,W 2 are again exponentially decaying potentials. This implies that 

Ag 1 = Wm + W 2 g 2 
Ag 2 = 2g 2 + W x g 2 + W 2 g x . 

Hence [x) h Ag\ £ L 2 for all b > 0. Similarly, 

52 = (A-2)- 1 [VF l52 + W 25 i] 

is exponentially decaying, which implies that (x) b Ag 2 G £ 2 for all 6 > 0. Consequently, the same 
estimate holds for A^ as well as for / := (L + — 1)^. Hence {(L + — l)ip,ip) = {f,ip) is well-defined 
as a usual scalar product. Moreover, one has 

L_/ = -(L_ - 1)^ or V = -(£- - = "/ - (L- - l)- l f. 

We conclude that 

(f + ^J) = -((L--l)- 1 f,f)<0, (63) 

where the final inequality follows from L__ > 1 on as well as our assumption that L_ has 

neither an eigenvalue nor a resonance at a 2 = 1. Recall that this insures that for any r > 

||<x>- 1 - T (L_-l)- 1 ^|| a <C|Kx> 1 ^|| a 

for all h for which the right-hand side is finite, in particular for h = f. The inequality (|63() will play 
a crucial role in estimating a quadratic form as in Lemma [TH1 To see this, let 

T e := span{ip £ , d x <j), d 2 (j), d 3 cp, rj, cp}. 

As in the proof of Lemma ITH1 one shows that dim^ = 6, as least if e > is sufficiently small (use 
that {L + ip e ,ip £ ) — > oo as e — ► 0). It remains to show that for small e > 

(PL+PfJ) 

max — — - < 1 (64) 

f£Fs (/,/) 

where P is the projection orthogonal to (p. If so, then this would imply that A = PL + P has at least 
six eigenvalues (with multiplicity) in (— oo, 1). However, we have shown in the proof of Lemma IT51 
that there are exactly five such eigenvalues. To prove (|64[). it suffices to consider the case / _L (p. 
Compute 

{L + (ail) e + v-V(p + dr]),aip £ + v ■ V 4> + dr]} 



\\aip £ + v ■ V(p + i 
|a| 2 (||^ e ||| + M{e) + o(l)) + 23f?Ai(aV> £ , drj) + \i\\dn\\l 
lapll^lll + 2^(aip £ ,v-V(p + dr]} + \\v ■ V(p + ^- l|2 



< max 



2 

xi| 2 (l + <5 2 M(e) + o(5 2 )) + 25AiK(xi'0 £ , 0:564) + Xi\x 5 \ 



xec 5 |xi| 2 + 2(5K(xi^ e , x 2 ei + x 3 e 2 + x 4 e 3 + x 5 e 4 ) + ||x 2 ei + x 3 e 2 + x 4 e 3 + x 5 e 4 | 
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where we have set S 2 := \\ip £ \\?, and 



di4> d 2 (f> d 3 (f) rj 

ei "M' e2 ~PA' e3 "^b' 64 ~W 

Note that r/ is a radial function, since it is given by (L+ — Ai)^ 1 ^ and both and the kernel of 
(L + — are radial. Hence ej _L e^ for 1 < j < 3. Set 

b £ ■= dj £ , ej ) for 1 <j < 4. 

Then fr^ — > 6° := (V>, ej) as e — ► by the exponential decay of the ej. Let B £ , C £ (which depend on 
e) be 5 x 5 Hermitian matrices so that 

C\ x := 1 + 5 2 M{e) + o(5 2 ), Cf 5 = := A 1( 56|, Cf 5 := Ai 

and Cfj = else, 

Sfj- = B £ x := for 2 < j < 5 

and i?f ■ = else. In view of the preceding, 

(PL+PfJ) , (Cx,x) 
max — — < max ■ 



fefe (/,/) xeC*{(I + B)x,x)' 
Clearly, the right-hand side equals the largest eigenvalue of the Hermitian matrix 

-1 O 1 

(/ + B £ )-^C £ (I + B £ )~ l 2 = C- -(BC + CB) + -{B 2 C + CB 2 ) + -BCB + 0(<5 3 ), 

2 8 4 

where we have dropped the e in the notation on the right-hand side. With some patience one can 
check that the right-hand side equals the matrix D which is given by (dropping e from the notation) 

l + S 2 M 1 -§&! -f& 2 -I&3 |(Ai - 1)6 4 





-|6 2 




4 °1 




f 6163 


f &1&2 


4, 2 
5 jhb 3 






%(l-iA 1 )6 1 6 4 


Id- 



|6i ?6i62 fMs ?(l-|Ai)6i64 

-i&2 §&i&2 £&1 ^hh ^Ai)6 2 6 4 

-|fe 3 #6163 f(l-|A 1 )6 3 6 4 



+ o(8 2 ) 



where Mi := M(e) — \X\b\ + |(6 2 + 6?, + + When 5 = 0, this matrix has eigenvalues 1, 0, 
Ai < 0, and has multiplicity three. When 5^0 but very small, the largest eigenvalue will be 
close to one, of the form 1 + x with x small. We need to see that x < 0. Collecting powers 4 of x in 
det(D — (1 + x)I) we arrive at the condition 

(1 - Ai)x = 5 2 [M(e)(l - Ai) + (b 2 + b 2 + b 2 )(l - Ai) + b 2 (l - Ai) 2 ] + o(5 2 ) 

= 5 2 [M(e)(l - X l ) + ((ft?) 2 + (b° 2 ) 2 + (bl) 2 )(l - Ax) + (b° 4 ) 2 (l - X 1 ) 2 } + o(5 2 ). 

We have 

bj = (V^) = -((L + - l)V>, ej -) = -(/, ej -) for 1 < j < 3. 

4 this was done by means of Maple 
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On the other hand, 

bl = (V, 64) = -(/, e 4 > + (V, ^+e 4 ) = -(/, 64) + Ai6^ 

and thus, 

ft^-Cl-Ai)-^/^). 
Since Ai < in the supercritical case, we obtain that 

4 

(1 - Ax)* < (1 - \i)5 2 [M(e) + e,) 2 ] + o(5 2 ) < (1 - A^fAf (e) + (/, /)] + o(5 2 ) 

= (1 - A^Cf + V, /) + o(5 2 ) = -(1 - Ax)5 2 ((L_ - l)- 1 /, /) + o{5 2 ) 
which yields that x < for 5 small. But e > small implies that <5 is small and we are done. □ 

We now present a simple continuity statement which will be important in the following two 
sections. 

Corollary 21. We can choose the j (a) in Proposition MoA to be J -invariant, i.e., J j (a) = f (a). 
Since \\f (a)\\2 = 1> they are therefore unique up to a sign. Choose this sign consistently, i.e., so 
that / ± (a) varies continuously with a. In that case there is the bound 

\<r(ai) - u(a 2 )\ + H/^ai) - f ± (a 2 )h < C(ai)|ai - a 2 \ (65) 

for all ai,a 2 > which are sufficiently close. Let P^ m (a) denote the Riesz projection onto f^(a), 
respectively. Then one has, relative to the operator norm on I? x L 2 , 

ll^m(«i) " ^im(«2)|| < C(ai)|ai - a 2 \ (66) 

for all a±,a 2 as above. Moreover, the Riesz projections admit the explicit representation 

P±(a) = f ± (a)(;f ± (a)}, (67) 

where W(a)*/ ± (a) = ^iaf^a), and ||/ ± (a)|| 2 = 1. 

Proof. By RemarkEl ker(H(a) =F i&) is ^-invariant. Thus, J f ± (a) = A/ ± (a) for some A G C. It 
is easy to see that this requires that |A| 2 = 1. Let e 2l/3 = A. It follows that J(e l @ f ± {a)) = e l/3 f ± (a), 
leading to our choice of ^7-invariant eigenfunction. Using the well-known fact that 

ker[H(a) =F ia(a)} = tesi[(H(a) =F icr(a)) 2 ], 

see Lemma ESI below, one easily obtains (by means of the Riesz projections) that 

IK'H(a) — -2) _1 || < \z =F io-{a)\~ l provided \z =F io~(a)\ < ro(a). 

In conjunction with the resolvent identity, this yields 

\<r(ai) - a(a 2 )\ < C(a\)\a\ - a 2 \, 
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as well as (j66j) . However, the latter clearly implies the remaining bound in (|65jl. Finally, by the Riesz 
representation theorem, we necessarily have that Q67JI holds with some choice of / (a) £ L 2 x L 2 . 
Since P^ia) 2 = ^m( Q )' one cnec ks that 



However, writing down -f^^(a) explicitly shows that 
= t^t / (-W(a)* 

2^ 

which is equal to the Riesz projection corresponding to the eigenvalue —ia of TL(a)* . Here 7 
is a small, positively oriented, circle around ia. A similar calculation applies to P^(a). Hence 
H(a)*f ± (a) = ^fia(a)f ± (a), as claimed. In view of (|67j). 

Il/ ± («)lll=ll^(«)/ ± («)l| 2 <ll/ ± («)l|2. 

which implies that ||/ (ck) H2 < 1- On the other hand, 

1 = [|/±(a)|| a = \\P&(<*)f±(a)h < l^WMPWh = ll/^lb 
and we are done. □ 



5 The contraction scheme: part I 

We now set up the contraction map that will lead to a proof of Theorem ^ According to Lemmas El 
and El in order to solve the cubic NLS (0) with ip(t) = W(t) + R(t), we need to find an admissible 
path 7r(t) as well as a function 

Z G C^oo),^ 1 ^ 3 ) x ii^M 3 )) n C^QO, oo),H^ 1 (M 3 ) x ^(R 3 )) 

so that Z{t) is ^-invariant and such that (vr(t), Z(t)) together satisfy (|21j) . As initial conditions we 
will choose, with Rq satisfying ()10j) and (fTTf> as well as with some a = a(Ro), 

vr(O) := (a , 0,0,0), Z(0) := + /i/ + (a) + £ a i% - (a) (68) 

where li£l, / + (a) is an eigenvector of 1~L{ot) with eigenvalue icr, £ M, and A/ r (o) — {^j(q)}j = ^ is 
the rootspace of TC(a)* . The contraction argument will be set in the following space. The parameter 
ao > is fixed. 

Definition 22. Let q > 2 be large and fixed. For any sufficiently small 5 > define 

X S := {(tt,Z) GLip([0,oo),M 8 ) x [L°°((0, 00), (i^ 1 (M 3 )) 2 ) n L^ c ((0, 00), (Y" g (IR 3 )) 2 )] | 
conditions (|69(l - (|72(l are valid > 
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where Y q = {/ G H^R 3 ) | V/ G L 4 + L"} and /or a.e. t> 0, 

|a(i)| + Kt)| + |^)| + |^)|<5 2 (i}- 3 (69) 

||Z(t)|| 2 + ||VZ(t)|| 2 <co<5 (70) 

^||£(i)IU<co<5 (71) 

i*[|VZ(t)[| L 4 +L , <£. (72) 



i 



iJere (t) = (l+t 2 )2. VFe ako require that 7r(0) = (qo, 0, 0, 0). Here cq is a sufficiently small constant 
and 7 is defined as in Lemma fTTfl Finally, we require that for a.e. t > 



Z(t) = JZ(t) = JZ(t) (73) 

where J = f ^ J 

Note that any path in X$ is admissible for small S. In ()72|) one would like to take q = oo, but for 
technical reasons it is better to take finite but very large q. We will assume that some such large q 
was chosen and it will be kept fixed. Note that Y q L°°(]R 3 ), so (j71|) is meaningful. 

In what follows, we will need to deal with several paths simultaneously. Therefore, our notations 
will need to indicate relative to which paths Galilei transforms, root spaces, etc. are defined. For 
example, ^ o( 7r )(i) will mean the (vector) Galilei transform from (|24|) defined in terms of ir, and 
{Cj( 7r )(0}j=i wm be the set of functions from Definition |H1 which are obtained from it. 

The contraction scheme is based on the linearized equation (|21|) . Indeed, given 
with = (^(o)), we solve for 

+ V -W 2 (vr(°)) -A - 2|iy(^ ))| 2 ) m 

xe^ (0) )W(/>(- -y(7r( ))(t),a(°)(t))\ . /- e ^ (0) )W</,(. - y(nW)(t), (t)) 



U \xe- ie (' r((1) )(*)^(- -y(7r(°))(t),a(°)(t))y + 7 Ve-^ (o) )W0(- - y(vr(°))(t), a(°) (t)) 

/ eW^JW^f.-j,^))^)^©^)) \ . / - e ^(- (o) )Wv0(- -y(^°))(t),a(°)(t)) 
+ Za \ ve -^( 7 r('»)w aa 0(. -y(7r(0))(t),a(°)(t))J + % ° V- e -^ (0) )(*)V(/>(- - y(7r(°))(t), a(°) (t)) 

/-2| J R(0)| 2 VF(7r(°))(t) - W(7r( ))(t)(fl( )) 2 - | 2 i?(°)\ 
+ V 2| J R(0)| 2 T^(vr(°))(t) + VF(vr(°))(t)(i?( )) 2 + | 2 i?(°) J ( } 

with initial condition (|68jl . The vector n here will be determined by means of the orthogonality 

condition (Z(t),£j) = for all 1 < j < 8, t > 0, cf. Lemma IT^l In this section it will be convenient 
to work on the level of the transformed solutions , U and the following definition makes this 
precise. The reader should note that l|75 |) -([76 j) are the same as (|74|1. whereas ((77)) is related to the 
aforementioned orthogonality condition on Z(t). 

Definition 23. Suppose (tt^,Z^) G X s and set 

U<P>(t) :=M(7rW)(i)g 0O (i)Z(°)(t) I 

cf. (|24() . Let 7r^ be the constant vector associated with 

7r(°)(t) = ( a ( )(t),/)((),D( )(t), 7 ( )(i)) 
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as in Definition^ Let (tt,Z) be defined as the solutions of the linear problems 

Z(t) := g^ty^I^m^Uit) (75) 
id t U - H(a$)U = Trd^Win^) + N(U {0 \ tt (0) ) + V(tt^)U (76) 
(^W^Uj^)) = -i(C/,4-(7r(°))) - <[/, £(7^)0(7^)) - (iV^ ),^ )),^-^)) (77) 

/or 1 < j < 8. The notation on the right-hand side of (fTB^l is analogous to that in (|26|) . (|27|). (|28j). 

and iae matrix operators E(ir^) are those from (|47jl. T/ie initial conditions are, with Rq satisfying 
the smallness condition (|TUjl . 

^(0) = g oo (^ ))(0)Z(0)=g oo (vr(°))(0)[Q°) +ft/ + («W)+E%^(a£»)] (78) 

tt(0) = (a , 0,0,0) (79) 

where h,{aj}^ =1 G C are constants (later we will make a unique choice of these constants in terms 
of the data (tt^°\ U^), and in fact they will be chosen real-valued). Here, for any a > we set 
Af(a) = {rij(a)}j =1 , and we define /^(a) via 

H{a)f ± {a)=±iaf ± {a), a > 0. 

We are assuming for simplicity that there is a unique pair {/^(a)} of simple eigenvectors of7i(a) 
with imaginary eigenvalues. 

The main point of this section as well as the next is to show that the map 

* : (7r(°),Z(°)) >-> (7r,Z), (80) 

as given by (|75 |) — (|77 |) . defines a contraction on Xg relative to a suitable norm provided the parameters 
h, {aj}^ =1 are chosen correctly. As a first step, we show in this section that ^ : X$ — ► for o" > 
small and provided h is chosen properly. Before doing so, we add some clarifying remarks on 
Definition 1221 In particular, we need to prove the existence of solutions to (|7fi|). (|77j) . 

We start with a simple technical statement that improves on Lemma 0] by means of the stronger 
assumptions (|69|). 

Lemma 24. Lei 0,y and #00,2/00 &e as mi ®, ©, <wid (fT6|) . respectively. Let be as in Lemma^ 
Under the conditions of Definition \22\ the bounds 

\Poo(t,x)\ < 5\1 + \x\)(t)-\ \y(t) - Voo (t)\ < S^t)- 1 
hold for all t > 0. Moreover, 

\ Poo (t,x)\ < 5\1 + \x\)(t)- 2 , \y(t) - yoo (t)\ < 5 2 (tr 2 (81) 
for all t > 0. In particular, one has the bounds 

\\V(t)\\»nL- £ P®- 1 , II^WIUinL- £ ^>" 2 , \mMt)\\LinL~ < 5 2 {t)-\ 
where V(t) is the matrix from ()26[). and E(t) is the matrix operator from (|47[). 



31 



Proof. In view of the definitions, 

0(t, x + yoo) - 0oo (i, x + yoo) = (v(t) - Voo) ■ (x + 2tooo + Doo) + 7(t) - 7(00) 

j 

(y ■ v — ad) (a) duds. 



00 /'OO 



Now |7(t)| < o~ 2 (t) 2 because of (I46j) . Using Definition |22] therefore implies the desired bound on 
Poo. As for y(i) — yoo(t), the definition of Dqo implies that 

pt poo poo 

y 00 {t)-y{t) = 2tv 00 + D 00 -2 I v(s) ds - D(t) = D(oo) - D(t) - 2 / / v(a)dads, 

JO Jt Js 

which is no larger than C5 2 {t)~ l , as claimed. □ 

We will make frequent use of the following simple observation: If U(t) and Z(t) are related 
by then U(t) satisfies ()7()|) - (|72*|) iff Z{t) does (possibly at the loss of a small multiplicative 

constant). 

Lemma 25. Let R G H 1 ^ 3 ) satisfy (g°) ±N(a )*. Given (tt^,Z^) G X s and any h,{ aj } 8 j=1 G 
Cj there exist unique solutions 

(tt,Z) G Lip([0,oo),C 8 ) x [C^oo^QR 3 ) x F 1 (M 3 ))nC 1 ([0,oo), J H"- 1 (M 3 ) x ^(M 3 ))] 

of (|75|) ~(|77 |) u>ii/i initial conditions (|78|) . (|79() . Moreover, if 5 > is sufficiently small, then for any 
value o/fteC, i/iere is a unique choice of {aj} 8 =1 = {aj(/i)} 8 =1 G C 8 so i/iai ?7(t) satisfies the 
orthogonality conditions 

(U(t),Cj{^ {0) ){t)) = /or a// £ > 0, 1 < j < 8, (82) 

cf. Moreover, if h G R i/ien a/so {aj(/i)} 8 =1 G M 8 and in t/iai case [/(£), and therefore also 

Z{t), is J -invariant and i:(t) G M 8 /or a// i > 0. 

Proof. For the existence statement, solve (|77|) for 77, which can be done as in Lemma IT21 Plugging 
the result into (|76[) leads to a linear equation for U, which takes the following form: 

id t U - H{a^)U = C(U,ir<®) + N{U {0 \tt^) + V(ir®)U. (83) 

Here C(U, ir^) is the linear term which is obtained by replacing 7rd n W(TT^) on the right-hand side 
of ()76|) with the expressions that result by solving l)77|) for tt. See Lemmas I1UI and |12I for the details 
of this process. Moreover, in this way one picks up the final term in ()77|) which leads to the modified 
nonlinear term N(U^°\ tt^) in (|83|) . We will need to bound this nonlinear term. For this purpose, 
we record the estimate 

HiVCC/t ),^^))!!^,^ < ||AT(C/(°), vrW)||^ fc , P + mindliVCC/W^W)!!!, 1 1 iV(C/t°> , Tr^ ) ) 1 1 2 ) . (84) 

Viewed as a linear operator in U, £(-,tt^) has finite rank and co-rank. In fact, both its range and 
co-kernel are spanned by eight exponentially decreasing, smooth functions (which depend on time). 
Moreover, by Lemma |^] it satisfies the bound 

\\£(U,ir^)\\ wk , P < C k , p 5 2 (t)- 2 \\U\\ 2 (85) 
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for any integer k > 0, and 1 < p < oo. The equations (|77() are chosen precisely in order to ensure 
that 

j{U(t),^(TT^)(t)) = for all t > 0, 1 < j < 8. 
On the other hand, in Remark 1141 we showed that 

(C/(0Ui(7rW)(0))=0 

is the same as (with M(ao)* = {£j(ao)}^ =1 , see (|4*3|) ) 

o = (coo^'xo) [(g) + /./+(<*<?) + £ «(<*£>)] ■ <w*<°>)(0) (*{;; ^) ) 

=((S)'(:|:;:D) + ( v+ « )+ g«^),(:[:;:0) 

= m/ + («2?),&(«d)> + E^m^UiM) 

and similarly for {£fc(7r(°))(0)} 8 =2 . Here we used that (^°) G AA*(ao)" L by assumption, as well as 
that ^oo^^XO) is unitary. Hence (|82|) holds for all times iff for any h G C we can find {aj} 8 =1 G C 8 
such that 

8 

= / l (/+(aW),^(ao))+^ai(r?i(aS ) ),6(ao)) for all 1 < £ < 8. (86) 

i=i 

However, ||r/j(a^?) — f?j(ao)|| < 5 2 because |a^? — ao\ < 5 2 . Together with Lemma fTTI this implies 
that the matrix 

^:={(li(^),^W)fe 

is invertible with norm < 1. Hence {(Zj} 8 =1 = {a.,(/i)} 8 =1 G C 8 is uniquely determined for any h G C. 
For future reference, we note the estimate 

£KWI<<5 2 H, (87) 

3=1 

which follows from the fact that (/ + (a^), ^ (cxoo)) = and thus 

K/ + rf),&(«o)>| = \(f + (a<$)Mo*)-tt(aV>))\ <5 2 . 

It is important to realize that the assumption (^°) _L M(ao)* is precisely used in (|87|) : if we drop 
this assumption, then aj(h) -/-> as h — > 0. Finally, we note that for any j7-invariant functions f,g 
one has (/, g) G M. Hence for ft£K both the matrix A4 as well as the vector 

{h(f+ (o£>), 6(ao))}f =1 

are real- valued so that in fact {aj(/i)} 8 =1 G R 8 (recall that ^/oo^^XO) preserves j7-invariance) . In 
view of the preceding, any solution of ()83j) with initial condition (|75|) and this choice of aj(h) will 
satisfy the orthogonality condition (|82jl on its interval of existence. 
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To prove global existence of solutions to the linear problem ()83|) . we perform a contraction 
argument in C([0,T],7 2 ) on some finite time interval [0, T\ (one can take T = 1). Given any initial 
condition 17(0) £ H 1 x H 1 , and any U G C([0, T], H 1 ^ 3 )), we solve 

z^C7 - H(a®)U = C{UM 0) ) + N(U^\ir^) + V(tt^)U 
— rut (°h 

via the evolution e ltn \ a °° ) . I.e., write the solution as 

U(t)=e~ itH ^U(0)-i / e~ i( *- s)w(Q - >) [£(c>,^ (0) )+iV(C/ (0) ,7r( )) + y(7r( ))C/](s) ( is (88) 

Jo 

for all times t > 0. In addition to the bounds in (|85|) . we note the following two bounds: First, 

S up\\N(U^,7r^)(s)\\ L2 < 5 2 , (89) 

which follows from (|84|). (|3Tj) of Lemma and (|7fl|) applied to f7^, and second 

S up\\V(n^)(t)U(s)\\ m <5 3 , (90) 

s>0 

which follows from Lemma EH and again (|70|). Apply the linear estimate on the evolution e -**W("L ) 
given by Theorem 1451 Note that in contrast to these estimates, here we are including the entire 
discrete spectrum, which possibly leads to exponential growth. However, on a time interval of 
length T = 1, say, we can always achieve that the map XJ \— * U is a contraction in the norm of 
C([0,T],7 2 x I?) for small 5. Since the size of this 5 does not depend on the size of the initial 
condition, we can restart this procedure and thus obtain a global solution of (|88|) that belongs to 
C([0,oo),L 2 x L 2 ). Typically, this solution will grow exponentially. Next, we wish to estimate the 
first derivative of (|88|) by means of the L 2 bound in Theorems which will lead to the improved 
statement that 

Ue 0(10,00),^ (R 3 ) x H 1 (M. 3 ))DC 1 ([0,oo),H- 1 (M. 3 ) x /^(M 3 )) 

solves ()83(l in the strong sense. Inserting this solution U into equation (|77|) then yields the path ir. 
Indeed, simply integrate in time using the initial condition (|79j) . It remains to show that for T = 1, 



sup 

0<t<T 



(0) 



2 



Here we omitted the other terms on the right-hand side of (j83j) . i.e., C(U, tt^) and V(tt^)U, since 
they satisfy the bounds ()85|) and H90|) . respectively, and thus yield the desired 7 2 estimate on the 
derivative (for the issue of interchanging the evolution with a gradient, see Corollary 1501 below) . In 
view of (|51)) and (|3"5)) one has 



\VN(U^,7T^)(t)\\ 2 < mm(||[/(°)(i)||L \\U^(t)\\l) + \\U^VU^(t)\\ 2 + |||^ )| 2 V[/(°)(t)|| 2 

<P + \\u<»(t)\\ ^||V[/( )(t)||4 +g + |||c/ (0) | 2 vc/(°)(t)|| 2 

<§2 +6 2 t -l + |||C/(0)|2 VC/ (0) (t) || 2 (92) 
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The first two terms in Q92|) contribute a finite amount to (|91|) . as desired. The final term in (|92j) . 
however, is too singular at t = and we therefore need to invoke the Strichartz estimates from Corol- 



laryEOlto control it. More precisely, we split \U\ 2 U(s) into P s (a^)\U\ 2 U(s) and (I-P s (aZ'))\U\ 2 U(s) 
The latter does not present a problem, since the range of I — Ps(a^) is spanned by finitely many 
Schwartz functions. Thus, 



sup 

0<t<T 

< e CT 



V 



o 



sup || V(/ - P s (aW))\uM\ 2 (s)u(°\s)\\ 2 < e 

s>0 



as desired. For P s (a^)\U\ 2 U(s) we use the following Strichartz estimate: 



CT 



sM\U {ff) {s)\\l<e CT 5\ 

s>0 



sup 

0<t<T 



V 



P s (a^)\U^\ 2 U^(s)ds 



< 



| f/ (0)|2 f/ (0) (s) ||5 4 
L 3 



ds 



+ 



T 



|C/(0)|2 V[/ (0)( S -)||5 4 ds 



L3 



It will suffice to deal with the term on the right-hand side containing Vf/*- **, since the one without 
any derivatives is easier. The corresponding integrand is estimated in terms of (|7U|) and (|72|) as 
follows: For all < s < T, 



|||^ )| 2 v^°)( s )|| l 4 (k3) < ||vc/(°)( s )|| 2 ||^ )( s )|| 2 < 5\\u^(s)\\i\\u^\ 

< 6d%{5s~* + J) 3 < C(T)5V§, 
where we used the Sobolev embedding bound 



2 

oc 



(93) 



r (0) («)l|oo<||V[/(°)( S )||4 +(? + ||C/( )0 



< 6s * + 5. 



Since s"l G lI(0,T) we are done. The conclusion is that U G L°°([0, T], i^QR 3 ) x tf^R 3 )). The 
continuity in t relative to the H 1 norm is implicit in the above argument, and we skip it. Finally, 
time-stepping extends the ^statement to all times. 

Finally, if h G R and a,j(h) G R are as above, then the initial condition (|78|) is ^-invariant by 
Remark 1151 Also, we assume that 7r(0) £ I 8 , It remains to derive the system of equations which 
(f,JU)(t) obey. By the assumption that -K^\t) G R 8 and JU^\t) = U^\t) for all t > 0, one 
checks that (|7B)l implies that 



id t JU - H(a<®)JU = frd^W(w^) + N(U (0 \ir^) + V(tt^)U^, 



(94) 



see the proof of Lemma El for more details here. On the other hand, as in Lemma IT2l one obtains 
the following system which is equivalent to (|77|) . with E(t) as in (gTJ) and with <f> = </>(•, (t)): 



aa 



-i 



-i 



7a 
2Di 



(U,i 2+e (n^))-i(U,E(n^^ 2+£ (7T^))-i(N(U^ 
<l^5 + ^ ))>-^,£(7r(^ 



(95) 
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for all 1 < I < 3. This is based on the observation of Lemma ITU1 namely that 

3 

ndvW^W) =4E(^^(7r (0) )-^r ?2+ ,(7r( ))) + dr ?2 (7r(°))-^ 1 (7r( )) 



Note that JE(n(°))J = -E(ir^), see (|47|l. Taking complex conjugates of the d equation (|95|1 yields 



aa 



-1||AI|2 
2 



(JC7, J£i(tt(°))) + i (JL7, JE(7r(°))JJCi(7r(°))) + i (JN{U(°), tK )), J£i(tt( ))) 



= (JC/, Jei(vr(°))) +i(JC7, ^(vrWjJJe^vrW)) +i(JiV(C/( ),7r( )), Jei(vr(°))) 
= (J^i(i (0) )) - i( JIT, £(7^)6 (tt^)) -i(7V([/(°),^ )),ei^ (0) )) 

Taking complex conjugates one therefore derives the following system from the preceding one, 
see (|9"5|) . 



-111 J.II2 
2 



(JC/,ei(7r^))-i(JC/ ! ^(7r(°))a(7rW))-i(iV(C/( ),7rW),a(7r^)} 



^ a -i||0||2 = (JTC/,^^ ))) -i<TOS(7r(°))&(7r(°)))-t(iV(^ (0) ,7r^),$ 2 (7r^)) 

2b t \\m = (ju,i 2+t {^))-i(ju,E{^y)& +l (^ 

for all 1 < £ < 3. Combining this system with (|94j) shows that (ff, solves the same equations as 
(tt, U) namely l|76j). I|77jl. Since their initial conditions agree if h £ R, we conclude that they agree 
for all times. □ 

Next we present a rather simple lemma about bounded solutions to hyperbolic ODE. This will 
be the mechanism to determine the unique value of h in (f?8|) so that the solution U(t) constructed 
in Lemma 1251 remains bounded in L 2 for all times. 



Lemma 26. Consider the two-dimensional ODE 

x(t) - A x{t) = f(t), x(0) 



xi(0) 
x 2 (0) 



where f = (^) G L°°([0, oo), C 2 ) and Aq = f ^ ^ ) where a > 0. Then x(t) = (^(*)) remains 
bounded for all times iff 

poo 

= ^(0)+ / e~ at fx(t) dt. (96) 
J o 

Moreover, in that case 

poo pt 

xi(t) = - e-^h^ds, x 2 (t) = e- t °x 2 (0)+ / e^"^ f 2 {s) ds. (97) 



for all t > 0. 

Proof. Clearly, xi(t) = e* CT xi(0) + jj e^^/iO) ds and x 2 (t) = e~ ta x 2 (0) + Jj e -(*- s V / 2 ( s ) <fo. If 
limt_ i . 00 e~ t<T x\(t) = 0, then = xi(0) + e~ SCT f\(s) ds, which is (|9l))) . Conversely, if this holds, 
then xi(t) = —e ta J t e~ sa fi(s) ds, and the lemma is proved. □ 
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A similar statement can be made for non-autonomous ODEs, see |Sch| . Recall that we are making 
all spectral assumptions on the linear operator TL(a) as described in Definition |HJ 

Lemma 27. There exists a small constant c\ (depending on the constant cq in (|7U|) . (|71j) ) so that 
the following holds: With 5 > small, let R € W 1 ' 1 ^ 3 ) n W 1,2 (R 3 ) satisfy P+(a )(^°) = and 

ll-^ollw/MnVK 1 ' 2 < ci5. (98) 
Furthermore, let (ir,Z) be the solution from Lemma for a given 

a i = a j(h)- Then there exists a unique value of h 6 M so i/iai (tt,Z) £ Xg. In other words, under 
the assumption (|98|). i/ie map ^1X5^X5, see (|8Uj). Moreover, as a function of (R ,tt^,Z^), 
h = h(R ,7T W ,Z^) satisfies 

\h(Ra,nW,zW)\ < a,||J?o||^i,i nW ri, a (99) 
with a universal constant Co as well as 

\h(RoM 0) ,Z^)-h(R lt ^ \Z^)\ < \\R0-R1h (100) 

for any Rq,Ri as above. 

Proof. Let (tt^°\U^) £ X§ be fixed and let (tv,U) be the solutions constructed in Lemma I25( 
with h € M arbitrary and {aj(h)}^ =1 6 M 8 the unique choice that guarantees the orthogonality 
condition 1)82(1 . Moreover, 7r is real- valued, and JXJ = U. We start by decomposing the function 
U(t) into three pieces U(t) = Udi s (t) + U roo t(t) + Uhyp(t) where 

U d]s (t) = P s (a^)U(t), U Ioot (t) = P mot (a^)U(t), U hyp (t) = P im (a^)U(t). 

Here P roo t(«) and -Pi m (a) are the Riesz projections corresponding to the spectrum at {0}, and {±io"} 
of H(a), respectively. For ease of notation, let the elements of the rootspaces of H(a^ ) and H(a£o )* 

AA(«W) = { V f}* =1 , AA(a£))* = Uf } 8 =1 , 
respectively, and write accordingly 

8 

tU(<) =E 5 i(*)^ 0) > = b + (t)f + (aW) + 6-(*)/-(aW). (101) 

Since C/ roo t and f/^yp are J'-invariant, see Remark El it follows that {cL,-} 8 =1 and b + ,b~ are real. 
Moreover, because of the orthogonality condition (|82|). for all 1 < < 8, 

= 5>(*)foj 0) ,a(vr (0) )(t))+6 + W(/ + (a£ ) ),6(^ (0) )(i)) (102) 

+ 6-(t)(r(aW),6(^ {0) )(t)) + ^dis(t),6(vrW)(t)) 

for all times t > 0. For small (5 this allows one to solve for dj(t). Indeed, by Definition E3 and 
Lemma 1241 

sup max s H^° ) -^( 7 r (0) )(t)l| 2 <^(t)- 1 - 
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Also, by Lemma ITT1 for each j there is k(j) so that |(f7j(7r( ))(i),£fc(7r(°))(i))| >c 1 if k = k(j) and 

= else. Hence, \( V f , & (tt^ )(i)}| * 1 if fc = fcft), but ,6^ (0) )(t)>| < <5 2 if A; / Since 

J — * Mi) is a permutation, it follows that the matrix {(rjj, CfcC 71 "^)^))}! fe=i is invertible with norm 
of the inverse < 1. Consequently, there exist uniformly bounded functions c^(t), Cjk(t) and djk{t) 
so that for all t > 0, 

8 

a,(i) = 6+(t)c+(t) + 6-(t)cT(t) + ^^(t)([/ dis (t),a(vr (0) )(t)) (103) 

fc=i 

8 8 

= J2c jk (t)(U hyp (t),U^° ] )(t)) +J2d jk (t)(U diB (t),U^° ) )(t)) 

k=l k=l 
and therefore, in particular, 

1 1 root (0 | lfloo < C(||C/dis(t)||l+00 + H^hypWIIl+oc), (104) 

for all t > with a constant C that does not depend on time t. Hence, the solution U (t) is completely 
determined by U d i S (t) and Uh yp (t), and in fact, for all t > 0, 

||E>1la < C(||^dfa(*)||2 + \\U hyp (t)\\ 2 ), (105) 

with a constant C that does not depend on time t. Clearly, (|l()4j) remains correct with derivatives 
on the left-hand side (without derivatives on the right-hand side), and ()105|) therefore remains true 
with derivatives and/or other L p -norms. For example, it follows that 

Wh+oo < C(||£/ dis (t)|| 2+00 + l|EW*)l|2+oo). ( 106 ) 
In Lemma HH1 we showed that the system (|7B)l , ((77)) is equivalent to the single equation 
id t U - H(ag})U = C(U,tt^) + N{U (0 \itW) + V(tt^)U, 

see (|83|). This equation is J- invariant in the sense that J\J satisfies the identical equation. We 
now split this equation into two equations, one for Udis and the other for U^ yp . This yields (with 
Ps = Ps(a { ° } ) and P im = P m (ag>)), 

td t U dis -H(aW)U dis 

= P.ldiUto,*®) + £ 2 ([/ hyp ,vr(°)) + NiU^,^) + V(7T^)U dis + V(ir^)U hyp ] (107) 
id t U hyp -n(a^)U hyp 

= F m [£i(lW< >) + £ 2 (^ hyp ,7r(°)) + N(U<®, vr^) + V(ir^)U dis + V(^)U dis ] , 

with initial conditions U d i s (0) = P s (a^)U(0) and Uh yp (0) = Pi m (c>!6o .)U(0), see J7SJ. Here the linear 
terms L\ and £ 2 are derived from C via expressing U^oot as a linear combination of (projections of) 
U d \ s and C/hy P , see (jl02j) . More precisely, write 

C{U,TT^) + V{7T^)U 

8 

= C(U dis M 0) ) + C(U hyp M 0) ) +Y,&i®Mvf,* (0) ) + V(^) V f] + V(^)U dis + V(7r^)U hyp 
= : A(tfdiB,7r(°)) + £ 2 ([/ hy p,7r(°)) + V>(°))[/ dis + F(7r( ))£/ hyp , 
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where the second line follows from the first by means of (|103j) . Since the functions dj(t) have 
the explicit expression in H103|) . £i,£ 2 satisfy the following estimates as linear operators in the 
variable U, 

||£l(£/,7r (0) )|| 2 + ||£ 2 (^7r(°))|| 2 < Pty^WUh. (108) 

see (jSSJ). Moreover, they are small as well as of finite rank and co-rank with ranges spanned by 
smooth, exponentially decreasing functions. Hence, the estimate Q108JI holds with any number 
derivatives. In particular, we record the estimate 

||V£i(C/,7r(°))||inoc + ||V£ 2 (C7, vr(°))|| lnoo < S^t)^!/^ (109) 

for future use. Because of the small parameter 5 2 in (|108|) . we shall solve for Udis, Uh yP by means of 
a contraction. However, recall that we yet need to determine the value of h. Thus fix £/di S ;^hyp £ 
C([0,oo),L 2 (M 3 ) + L°°(M 3 )), with 

sup#[||l> dis (t)|| 2+00 + ||l\ yp (t)|| 2+00 ] < 6 (110) 
t>o 

and so that JUdis = C^dis an d JUhyp = ^hypj and set 
Fx(U dis ,U hn> ) :=P s [A(o> dis ,7r(°))+£ 2 (l>^^ 

(111) 
(112) 

In view of the definition (|28|) . ()84|) and LemmaQ the assumptions on (U^ ,tt^) in Definition 1221 
as well as Lemma |2"H the following bounds hold: If t > 1, then 

||7V(^V (0) )(*)||in2 < ||C/ (0) (i)|| 2 oc + II \U^U^(t) Uma 

< 6 2 {t) -3 + ^^1^0)^ < 6 2 {t) -l (n3) 

On the other hand, if < t < 1, then by Sobolev embedding, 

||iV(^V (0) )(i)l|ln2 < ||C/(°)(t)||| + || \U^\ 2 U^(t) || 2 
<\\U {0 Ht)\\ 2 H1 + \\U^(t)\\ 3 H1 <6\ 

so that the bound in (|113j) holds for all t > 0. We therefore conclude from 1)1101) . (|108|) that for all 
t > 



max 

j 



ax||^(LU,tW(i)||in2 ^ 62 ( t )'~ 2 +^W _1 [ll^dis(i)ll2+oo + ||f/ hyp (t)|| 2+0 o], (114) 



in2 



max H^.^, 0™) (t) - FjiUgtU^m 

< 5 2 (t)-\\\(uW ~ U£!)(t)h + oo + IK^ - C^JWIIa+oo). (115) 
Since the system (|107|) is ^7-invariant in the usual sense, it follows that 

JFl(Udis, Uhyp) = —Fi(Udis,Uh yp ), JF2(Udis,U\ l yp) = — i^C^disj Uhyp). 
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We now solve 

id t U dis - H(a^)U dis = Fxi&to, U hyp ), U dis (0) = P s (a^)U(0) 
id t U hyp - H(a^)U hyp = F 2 (U dis , U hyp ), U hyp (0) = P im (Q$)C/(0). 

We can rewrite (|117|) in the equivalent form (using the basis / ± (a£' ) )) 

\ /h+\ Sn+^ 

a(a^) 



(116) 
(117) 



dt U- 



+ 



where g € R satisfy 



sup (t^lg^WZS 2 , 



see (j!14|) and (|11U|) . We impose the stability condition from Lemma OBI i.e. 

f 00 (0) 

= 6+(0)+ / e- a{a ™ )s g + (s)ds. 
Jo 

We conclude from the bound on g + and (|118|) that 

1 6+ (0)1 < 5 2 . 



(118) 



(119) 



Recall that 6 + (0) is the coefficient of /^(a^) in (|l()ljl . Hence, in view of (|7H|) . we need to choose 
/i = h(U dis , Uhyp) so that 



6+(0)/ ± (aW) = P+(aW)[/(0) 

= J P+(^ ) )aoo(vr(°))(0) 



Rq 



3=1 



(0)n 
OO ) 



(120) 
(121) 



We claim that (|119j) implies that < 5 2 . To see this, we of course need to use the assumption that 



-^im( a o) (s ) = 0. Thus, using the notation and estimates of Corollary we conclude that 



(o) 

OO 

*&(«o) 

/ + (a ; 



i?0 



in2 



i?0 
i?0 



^(^ ) )^(vr(°))(0)^° 



,/ + («o))-/ + («2?) 



i?0 



R 



in2 

,aoo^ (0) )(or/ + («^) 



in2 

2 



< ll/ + (a ) - / + («£ ) )||2|| J Ro|| 2 + || J Ro||2||aoo(vr(°))(Or/ + (ao) - / + («o)||„ < S 3 . 
To pass to the final inequality, we invoke the bound 

||aoo(vr(°))(0r/-/l|2<5 2 (||/lki + ll^)/l|2). 

The appearance of the weight here is the reason we did not estimate the difference between (jr^ ) (0) 

Ro 
Ro 



and (|°). We conclude from JUDJ), fTRfy . and dHZJ) that 



\h\<5 2 , 

3=1 



:i22) 
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Note that this estimate requires the full strength of the assumption P+(a )(j|j) = 0. In particular, 
Q99JI holds. It is now easy to prove the Lipschitz bound (jl(J(J|) . Indeed, if hP-\ are associated 
with Rq,Ri, respectively, then 



Ro\ _ fRi 



and (jlUOj) follows by taking L 2 -norms. For simplicity, let dj(U d i s , Uh yp ) := o-j(h(U d i s , U^ yp )). Define 
the map ^ : (#dis, £4 yP ) ^ (^dis, ^h yP ) by means of 



C7 dis (0) = P s (aW)g oo (7r(°))(0) 



o 



(123) 



U hyp (t) = e~ un ^^U hyp (0)-z I e- i ^ n ^^F 2 (U dis ,U hyp )(s)ds 



Ro 

Rq 

t 



+ h(U dis , U hyP )f + (a^) + ^-(t/dis, UhypH^] 



i=i 



(124) 



o 



^hyp(O) = P im (aW)goc(7r (0) )(0) + h(U dis , U hyp )f + (a^) + £ %(^i s , UbypH 



a 



(0)> 



By (UlU) and © one has 

H^dis(0)||in2 + ||C/hyp(0)||in2 <S + 8 2 , 
where <5o := c\5. We claim that, with cq being the small constant from (J7UJ), H71|) . 

SUp(t)2 [||E/dis(*)ll2+oo + ||f7hyp(i)ll2+oo] < C 5. 



t>0 



(125) 



To verify this claim, we use the linear bound of Theorem 1451 and 1461 on U d \ s . Because of (j!14|) this 
leads to 

\\U dis (t)\\ 2+oo <(t)-l(5 + 5 2 )+ / 5 2 (t-s)-l(s)-lds 



5 , ,2 



(t)-2( Cl 5 + S 2 ) <CQ-{t) 



for alH > provided c\ was chosen small enough. Similarly, because of our choice of h, see (j9*7)) . we 
obtain that for all t > 



|C7i 



hyp W II 2 



< 



„(°) 



JO), 



CO 



2 



and H125|) follows. Next, we claim that the map is a contraction in the space of ^-invariant 
functions satisfying (jllOj) . To see this, we first remark that there is the Lipschitz bound 

\Hu£!Mh-h(u£im)\<5 2 S up(t)l(||(^L ) -^s ) )Wll2 + oo + ||(^-OWIb + oo). (126) 



t>0 
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This is a consequence of (|115(l and the explicit expressions for b + (0) and h in (|118|) and (|12Uj) . 
Since the coefficients dj are linear in h, they satisfy the exact same bounds. Let (^dis'^hyp) = 

^o(^dis ' ^hyp) ^ or 3 = ^' ^' Subtracting the two equations in (|123j) for j = 1,2 with the corresponding 
difference of initial conditions, and applying Theorems I45[ "4*"""l leads to 

enip(t)l||D&>(t) - U^(t)h+oo < 6 2 sup(s)l(\\(U^ - &W)(s)h +00 + ||(C7« - tfgJjOOHa+oo). 

Note that the difference {U^ p — U^ p )(t) is potentially dangerous, since we cannot adjust the initial 
condition to make sure that the stability condition holds. The point is, however, that this condition 
holds automatically since 

sup||(t/« -I7gj,)(t)|| 2 <oo. 
t>o 

Lemma l2l)l therefore guarantees that both ((""""")) and (["J""") hold for — . In particular, one 
concludes that in this case as well 

sup(t)l||(C/« - E^,)(t)|| 2 < <5 2 sup( S )§(||(£« - U®)(s)\\ 2+O0 + ||(C/W - U$ p )(s)\\ 2+OQ ), 

t>0 s>0 

and we have shown that is indeed a contraction. The conclusion is that there exist ^-invariant 
functions (U<ns, ^hyp) satisfying 1)125(1 as well the system ()1U7|) . In addition, there exist h, a,j(h) G E 
as in (|122j) determining the initial conditions (|78|) . 

Next, observe that the solution (U^is, ^hyp) which we just constructed also satisfies the bound 

sup(||C/ dls (t)||2 + \\U hyp (t)\\ 2 ) < co 5. (127) 

t>0 

To see this, it suffices to deal with Udi s (t). Applying Theorem 11*5*1 to (|123|) yields 

f'°° 3 
SUP ||*7dis(t)||2 < ||EW0)|| 2 + / [^(srWmUsm+oo + ||f/hyp(s)||2+oo) + S 2 {s)~ 2 

t>0 Jo 

2Hoo ||(C^dis + ^hyp)(s)||2+oo] ds 

< (So + S 2 ) + f* [5 3 (s)-l + 5 2 (s)-l + 5 2 (s)-l] ds 

Jo 

< coS, 

as desired. Retracing our steps we now reintroduce U roo t via (|1U2() which leads to a (weak, i.e., 
Duhamel) solution (n(t),U(t)) of the system (|76|) . (|77|) with initial conditions (|78|). (|79|). Moreover, 
U(t) is ^7-invariant, and 7r(i) E M 8 for all i > 0, and the orthogonality condition (|82[) holds. 
Note that ()125|) insures that 

sup(t>-i||*7(t)|| 2+00 < c 5, sup||*7(t)|| <c 5. 

t>0 t>0 

Estimating the two terms involving U on the right-hand side of (|77|) by means of this bound and 
the bounds from Lemma [*"1] leads to the estimate 

\a(t)\ + \Ht)\ + m)\ + \D(t)\<6 2 (t)- 3 
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for all t > (this is where we need to use the small cq in l|70|l. (|7T)l ). This is precisely (joH)) , Strictly 
speaking, (|69() can be improved by a small factor of >c Cq on the right-hand side. However, here and 
in what follows we ignore this improvement. 

It remains to show that our solution U(t) satisfies the other bounds in (|7() j l— (|72j l . Moreover, 
we have only shown that (t/di s , t^hyp) satisfies the system (jll)7|) in the weak (i.e., Duhamel) sense. 
However, once we prove 

sup [||V[/ dis (t)|| 2 + ||V[/ hyp (t)|| 2 l < c 5 (128) 
t>o L J 

it will follow that (|7U|) holds and that (Udi S ,Uhyp) solves (f lU7f) in the strong sense, i.e., in 

(^(^oo),// 1 ^ 3 ) x iJ-^R 3 )) n C 1 ([0, oo), H^ 1 (R 3 ) x H^ 1 (R 3 )). (129) 

The details of (|128|) are as follows: Clearly, we need to show that the conditions (|7U|) - (|72|) are consis- 
tent with our contraction scheme. Thus, in addition to (|110j) we assume that f/disj t^hyp satisfy these 
assumptions and then check that U^is, Uh yp satisfy them as well First, by the nature of Ran(P im ), 
see Proposition [TBI 

\\Uhy P {t)\\m < \\U hyp (t)\\ L 2 for all t > 0, 

so that it suffices to deal with f/dis- Second, by the Strichartz estimates of Corollary I5()[ as well 
as (|84j) and Lemma we obtain 



sup 



< 



Jo 

\Ci(U dis ,nW)( S )\\ m + ||£ 2 ([/ hyp ,^ ))( S )||^ + \\V(irW)U hyv (s)\\ m )ds (130) 

+ / (||iV(^ ),7r( ))( S )|| 1 + \\U®(s)\\l + ||^°)V^°)( S )|| 2 + ||F(7r(°))C/ dis ( S )||Hi) da (131) 
J o 

+ (jf Ill^l'^WIli^^' + Cjf II^^MI^*)'. (132) 
In view of (fT09|) and (fTT7T|) . the contribution of (|T30|) is 

5 2 {s)-\\\U ASs {s)h +00 + ||c\ yp (s)|| 2+00 ) ds < 8\ 



< 



By dSHl), CDl and (|7T|). 



|iV(^ ),7r (0) )(s)l|i < min(||C/(°)( S )||L, \\UW(8)\\1) + \\U^(s)\\l 



<6 2 (sr 3 + 6 2 (sr*<5 2 (s) 



Furthermore, if < s < 1, then we estimate 

\\u {0 \s)\\l + \\u^vu^(s)\\ 2 < \\uW(s)\\ 2 m + \\u {0 Hs)\\ r4 2, ||VC/(°)( S )||4 +g 

L 4 nLi- J 

<5 2 + S 2 s-i<S 2 s-l, 
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whereas for s > 1 we have 

\\U^(s)\\l + \\U^VU^(s)\\ 2 < ||f/ (0) ( S )|| 2 ||t/ (0) ( S )||oo + ||t/ (0) ( S )||oo||VC/(°)( S )|| 2 

<Sh~l+8 2 S -l<5 2 s-l 

Hence the first three terms in (|131jl are integrable and their contribution is < 5 2 . As far as the final 
term in (|131|) is concerned, note that 

\\V(n^)U dis (s)\\m < ll^^disOOIIa + ||(W)(7r(°))^ dis ( S )|| 2 + \\V^)VU dis (s)h 
<P(sri + \\V(*®)\\ r ^||VC/ dis ( s )|| 4+9 

<6 3 {s)-l +6 2 {s)- 1 6s-i, 

which contributes < 5 2 to (|131j) . Here we used (|7U |I -(|72 |I . as well as the bound from Lemma l2"4l 
Previously, we derived the bound 

||P<°>|W> W || lV) <^-t, 

for < s < 1, see (|93|) , On the other hand, if s > 1, then 

|| \U^\ 2 VU(°Hs)\\ L , m < ||Vf/( )( S )|| 2 ||^°)( S )||^ < 5\\UW(s)\\i\\u(°Hs)\\l < S 3 s-l 

Hence, 

( r\\\U^\ 2 VU^(s)A dsf<5\ 

and similarly for the term without a gradient in ()132|) . We have proved ()128j) and therefore also the 
gradient part of (|7U|) , 

For the remainder of the proof we will subscribe to the somewhat imprecise practice of replacing 
the term V(ir^)U(t) with V(ir^)U^ (t). This will allow us to avoid working with U d i s ,Uhyp and 
instead make it possible to estimate U (t) directly. The logic here is that we will only use the 
bounds ()7(Jj) - ()72|) to estimate U^°\ just as we would in order to show that the contraction scheme is 
consistent with the remaining conditions (|71j) . (|72|) . 

Thus we turn to proving ||P s [/(t)|| 00 < 5t~2 for t > 0. It will be necessary to bound various 
terms in L 1 (R 3 ). One such term is, see (|36[) and (|69|) . 

\\^W(n^) + N^Itt^W, < \a(s)\ + \v(s)\ + \%s)\ + \D(s)\ + [|17< >( S )|||, + \\U(°\s)f 3 

< 5V 3 + \\uM(s)\\l + ll^wiiliiuw wiu < s 2 s-i, 

provided s > 1. If < s < 1, then one argues similarly. More precisely, using (|7U|) and Sobolev 
embedding instead of (|71|) . we obtain 

||^^°))( S ) + iV([/( ),7r( ))( S )|| 1 <S 2 . 

Another term is 

ll^ (0) )^ (0) ( S )lli<^^)- f , 
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valid for all s > 0. This follows from Lemma 1241 and l|70|l. (|71j). We now rewrite ()76(l via the 
Duhamel formula. Let us first consider the case t > 1. Then, by the embedding PF 1 ' 4 > L°°, 

l|W(*)IU 

< \\ e - itH ( a ^ P S U (0)11^ + / ||e- i( *- s)w(Q - ) P s (^(s)a^^(7r( ))( S ) + iV(C/( ),^ ))(s) + V(tt^)U {0) (s))^ ds 

Jo 

<H||C/(0)|| 1 +/ 2 (t - 5)-|(||7r( S )a 7r T^(7rW)(5) + iV(f/ ^> , vrt°> ) ( S ) 1 1 ! + 1 1 ^(vrW ) W ( S ) || x ) rf S 

+ / || e - i (*- s ) w ( Q -)p s (^(s)^^(7r(°))(s) + N(U^,tt^)(s) + F(7rW)C/(°))(s))||wi,4 
Jt-\ 

Invoking the L 1 bounds which we just derived on the right-hand side yields 

l|iW(f)Hoc 

<t-l||c/(o)|| 1+ f 2 (t- s )-h 2 (s)-Us 

Jo 

ft 

+ / i (t-s)-4||^( s )^^(7r (0) )(s) +N(U {0) ,7r^)(s) + V(^ 0) )U^ ) )(s)\\ wl ^ ds 

< t-i\\u(p)\h + * 2 *~ § + /*,(*- [I^W*^)!!^.* + lll^l^lli + ll^ (0) v^°V||4 + |||^°)| 2 V0||4 

+ || |C/( )| 2 [/(°)||4 + || |C/(°)| 2 VC/(°)||4 + ||y(7r(°))C/( )( S )||4 + ||[/(°)W(7r(°))||4 + \\V(tt^)VU^ || 4 1 (a) (is. 

3 3 3 3 3 J 

(133) 

Here we have used the slightly formal notation |[/(°)| 2 </> for the quadratic part of the nonlinearity 
iV(L^ ),7r( )). In view of our assumptions (|5§ |l -(f7T |l on f/(°), 

IIttW^JWII^I + |||f/ (0) | 2 ( s )^||4 + |||C/(°)| 2 ( S )V0||4 < 5 2 ( S )~ 3 , 

||[/( O )VC/(°)( S )0||4 < ||^ 0) (a)||oo||V^( a )||2 < 6 2 s~l provided s > 1, 
||^°)W(°)( S )0||4 < ||^°)( S )|| 4 ||Vl^( S )|| 2 < 5 2 provided < a < 1, 

|||^°)| 2 ^°)( S )||4 <||c/(°)( s )|||||^ )( s )||t<jVl if S >1, 

|| |[/(°)| 2 [/(°)( s )||4 = ||C/ (0) (s)||l < 5 3 if < s < 1. 

Furthermore, 

|| |[/(°)| 2 W(°)( S )||4 < ||C/( )( S )|| 2 ||V[/(°)( S )|| 2 < 5 3 s-J if a > \, 

|| |C/(°)| 2 V^°)( S )||4 < ||C/ (0) ( S )|||||C/ {0) ( S )||i||VC/(°)( s )|| 2 < 5 3 s-i if < a < \, 

\\V(^)U^{s)\\, + ||c/ (0) ( s )vy(^°))( s )||4 < 6 3 ( s rl. 

It remains to consider the bounds on [|V(7r(°))VEA°)(s)||4 for all s > 0. Note that the latter is always 

< <5 3 (s) _1 , by ijHHjl and (|7()|>. but this is insufficient. At this point we need to use (f?2"|) to generate 
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more decay. Indeed, 

||nvr (0) )Vt/W( S )|U < ll^(vr (0) )|l 4. \\VU^(s)\\ Li+Lq < ^"Vf . 
Inserting these bounds into (|133|) leads to (recall t > 1), 

II^WWIU < (*o + 5 2 )t~i + SH-I + jf i (t - s )-l5 2 s -i ds < co-H, 



provided c\ <C Co and 5 are sufficiently small. To deal with the range < t < 1, we perform a similar 
estimate, using now the small time cases of the previous bounds: 

l|W(f)lloo 

<\\e- ieH ^P a U(0)\\cc 

1 (0), 



+ / ||Ve^(*- s ) w ( a - )p s (^^(vr(°)) +iV(C/( ),7r( )) +y(^°))^°))(s)|| 4 ds 
J o 

+ / || e -^- s ^ a ~V s (7rd^(7r^ ^ (134) 
■/ o 

< H \\u(o)\\i + ^ 2 + /V - *)~ ! [\\* a*w{* i0) )\\ w i.$ + lll^ (0) l 2 <% + \\u^vu^<p\\ l 

+ || |C/(°)| 2 C/(°)|U + || |C/(°)| 2 V^°)||4 + ||y(7r( ))C/(°)( S )||4 + \\U^VV(7r^)U + ||^(vr (0) )V^ )|U]( S ) 

3 3 3 3 3 

< t-IWlimU + 5 2 f\t - s)-h~i ds < t~l(5 + 5 2 ) + bH~\ < co~ri, (135) 

Jo 1 

provided c±, 5 are small. Here ()134)) comes about because of the Sobolev embedding bound 



<I|V/||4 + ||/|| 2 . 



Since t < 1 it makes the harmless contribution 5 2 to the following line. 

The only remaining bound on the infinite dimensional evolution P s U{t) is (|72[). Here q is chosen 
very large so that the dispersive L 9 '(1R 3 ) — > L q (M?) decay is t~z + . The reason we do not take q = oo 
can be found in Corollary HU1 below. Thus, with (t — ^) + = max(i — |,0), 



\yp s u{t)\\ L , +Lq 

-iW( 



< ||Ve~ iW(Q - ) P s ?7(0)|| L 4 



+ r "' ||Ve^ s ) w ( a - ) )p s (^ 7r W(7r(°)) + iY(C/( ),7r( )) + y(7r( ))C/(°))(s)|| g ds 



\\^ e -i(t-s)H(a^)p s ^ w ^{0)^ + ^(0) )7r (0)) + y( 7r (0))[/(0))( s )|| 4 d s Xfel] 

'2 

+ / llVe-^-^^Ps^I^^^ X[o<i<i] 
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Interchanging V with the evolution as before, and invoking the dispersive estimate yields 
||VP s *7(t)|| L 4 +L9 



t-num\ wl4 + 



(*-§)h 



(t - sy^+W^Win^) + N(U^,n^) + V(Tr^)U^)(s)\\ m , q/ ds 



(t - S )-f W^WiirM) + N(uM,irW) + V(^)U^)(a)\\ wl4 ds X[ t>i] 



+ / (*-*)• 



-m^W{^) + N(U^M°)) + V(ir®)U<V)(s)\\ ^ ds X[0<t <i] 



(136) 



The terms involving the W 1,r i arose already in (j!33j) and (j!35|) above. Invoking the same we used 
there shows that the two final integrals in (|136|) contribute 



< 



t-T 



(t-s) iS (s) 2 ds X[(>i] + / (t-s) 4<5 s * ds X[o<«i] 
■i Jo 

< 5 2 ri X [t>i] + <5 2 H X[o<t<i] £ <* 2 *~* , (137) 
as desired. It remains to bound the integral involving the W l,q ' norm in ()136|) . First, we have 
\\{^W(^) + NiU^MV) + V(^)U^)(s)\\ L , < 5 2 (s)- 3 + \\uW\\l q , < 5*(s)-l 



This bound is a small variation of previous ones, and we skip the details. Second, we derive the 
following variant of the Lz bounds obtained above: In view of our assumptions ()69|) -(|72 [) on Zj(°\ 

\^W{^)(s)\\ wl ,, + |||^°)| 2 ( a )^||i + IH^I^WIl! < 5 2 {s)-\ 
\U^VU^\a)<f>\\ x < \\U^(s)\U\VU^(s)\\ 2 < 8 2 s-l provided a > 1, 
|E/(°)W^( S )0||i < ||C/ (0) ( S )|| 2 ||V^°)( S )|| 2 <<5 2 provided < * < 1, 
I |£/ {0) | 2 £/ {0) ( S )||i < \\U^(s)\\ 2 \\U^(s)\\ 00 < 5 3 s~l if a > 1, 
I |C/ (0) | 2 C/ (0) ( S )||i = \\U^{s)\\l <5 3 if < a < 1. 



Furthermore, 



|| \U®\ 2 VUW(8)\\i < ||C/(°)( S )||1||V^ )( S )|| 2 < 5 3 s-l if a > ~ 

\\\U^\ 2 VU^°\s)\\ 1 <\\U^(s)\\l\\VU^(s)h<5 3 if 0< S <i 

WViirWpWWh + lll^W^Xs)!!! < 5 3 (s)-l , 
||y(vr( ))VC/(°)( S )|| 1 < ||F(vr(°))|| L 4 nLq ,||V^ )( S )|| i4+L9 



a 4. 



We performed these estimates on L 1 rather than L q ' for simplicity. However, the L q ' case is an 

4 -i 

interpolation of the L3 bounds above and the L bounds which we just derived. Thus, the first 
integral in ()136|) which involves the W 1,q norm is no larger than 



< 



M)+ 3 3 

(t - s)~2 + 5 2 (s)~2 da. 



o 
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In conjunction with ()137|) we finally arrive at 
\\VP a U(t)\\ L A +L9 

<t-HU(0)\\ w l4+ V 2) \t- S rl + 5 2 (s)-l + ds+ f ^t-8)-\P(B)-*d8 X{ t>l] 

J J t — 2 

ft 3 3 

+ / (*- s)~i8 2 s~i ds X[o<t<ii 
J o 

<t- 3 H5 + 5 2 )< 6 -t-'i, 

provided ci, <5 are small. 

The conclusion is that P s U(t) satisfies (JTTj) and (|72|1. As far as .Pi m i7(i) is concerned, we claim 
that it satisfies the stronger estimate 

||Pim^)||ac + HVPtoC/^Hoc « (138) 

for all t > 0. To see this, return to the equation 

id t U hyp - H(a^)U hyp = F 2 (U dis , U hyp ) 
see (|107|) . which governs the evolution of Pi m U(t). Here F 2 satisfies pi4|) . i.e., 

\\F 2 (U dis , U hyp )(t)\\ 2 < S^tyWp^h+oo + ||«/hyp(t)||2+oo) Z <5 3 (*>~ s ■ 
Writing Uh yp (t) = b + (t)f + (a^) +b~ (t)f~ (a$), see (|101|) . we conclude from Lemma HE\ that in fact 

\b + (t)\ <S 3 (t)-l, \ b -(t)\<e-^»5 + 5 3 (t)-l, 

which implies that 

\\U hyp (t)\\w^p <S(t)-i 

since the functions /^(aSo ) are smooth and decay at infinity. In particular, (|138jl holds. Finally, 
inserting the bounds on Udis and Uh yp into (|1U3|) yields 

||-Proot^(*)||oo + ||VP r0 ott/(i)lloo < S(t)~^, 

and the lemma is proved. □ 

6 The contraction scheme: part II 

It remains to check that ^ is a contraction. One guess would be to prove this property in the norm 

\\(ir, U)\\ = \\tt\\ + ||^||l=o([ ,oo),l2) ; 

where 

|K|| :=sup(t) 3 (|d(t)| + \v(t)\ + m)\ + \D(t)\). 
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Since the paths are all required to start at the same point (ao>0, 0, 0), it suffices to control their 
derivatives, which is what this norm does. Moreover, it is easy to check that the set Xg is a complete 
metric space in this norm. Unfortunately, Vl/ does not contract in this norm. To see this, suppose we 
are given two different data (vrW,^^) G Xg and (ttW,ZW) G X s . Set {tt^,Z^) : = &(n<- \ Z^), 
(-7r( 3 ),Z( 3 )) := ^(tt^ 1 ), Z^ 1 )). Then the evolutions of Z&> and Z^ are governed by the reference 
Hamiltonians Ti(a^) and H{a^), respectively. These Hamiltonians have different spectra, namely 
their thresholds are ±(a^?) 2 and ±(a^) 2 , respectively. For this reason one cannot hope to obtain 
a favorable estimate for ||^' 2 '(t) — Z^ 3 ^(t)||2, at least for long times. As a model problem, consider 
the ODEs 

iu — a\u = 0, iv — a 2 v = 0, u(0) = v(0) ^ 
with cti ^ a 2 . Evidently, \u(t) —v(t)\ will be as large as |u(0)| infinitely often for large t. In contrast 

3 

to this example, our solutions do disperse at the rate t~2 . Hence, we need to contract in a dispersive 
norm and the best decay we can hope for is t~z, as can be seen from 

| e ita? _ e ««2| t -f <H|ai-a 2 |. 

Since we incur this loss of t in the Z-norm, we also end up losing t over the decay of jr. The actual 
norm is a bit technical, and we introduce it now. 

Definition 28. For any (n, Z) G Xg set j*(t) := ^(t) + v ■ y(t) and 

||(vr,Z)||:= sup *S |?h»(t)| + supi 2 |7T*(i)| + sup t\ \\Z(t)\\ LHm + supti \\Z(t)\\ L t +L oo, (139) 

0<t<l t>l 0<t<l t>l 

where = (a, v , D, 7*). The suprema here are essential suprema. 

The appearance of L 4 rather than the perhaps more natural L? has to do with the cubic nonlin- 
earity. We first make a routine check that Xg is indeed complete in this metric. 

Lemma 29. // (tt,U) G Xg, then \\(tt,U)\\ < 5. For any fixed 5 > the space Xg is a complete 
metric space in the norm (|139[) . 

Proof. Suppose ||(vr n , U n ) — (ir m , U m )\\ — > as n,m — ► 00 where (ir n , U n ) G Xg. Recall that we are 
requiring that 7r n (0) = (ao, 0,0,0). Thus, 

sup[K(t) - a m {t)\ + \v n (t) - v m {t)\ + \D n (t) - D m (t)\] 




<C||(7r n ,C/ n )-(7r m ,C/ m )||. 
Define (a, D,v) := lim n _^ 00 (o; Tl , D n , v n ) in the uniform sense. Then by (jHHjl 

rt'2 

\(a,D,v)(ti) - (a,D,v)(t 2 )\ = lim |(a n , D n , v n )(ti) - (a n , D n , v n )(t 2 )\ < / 6 2 {s)~ 3 ds 

n ^°° Jti 

for all < t\ < t 2 . This implies that (a, D, v) G Lip([0, 00), M 5 ) and that (|69|) also holds for (a, .D, v). 
Now define yoo(t) = 2tVoo + ^00 as given by Definition |3] and set 7* := lim n _ >00 (7 n )*. Similarly, let 
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7 be the limit of -j n = (7 n )* — v n ■ y n . Then define 7 := 7 + v ■ y^ = linin^ooT^. Since each 7 n 
satisfies ()69j) . the same argument as before shows that 7 does, too. Since 

l7(i)l<l^)l + l^)|C(l + t)<(t)- 2 , 

it follows that 7 is also Lipschitz and hence ir £ Lip([0, 00), M 8 ), as required in Definition 1221 

For a.e. t > let U(t) := lim^oo U n (t), where the convergence takes place in L 4 + L°° . Since 
U n satisfy (|70|) . for any Schwartz function ijj 

+ K^(*),V^)| = lim (\(U n (t),if>)\ + \(U n (t),V^)\) 

n—>oo 

< lim (\(U n (t),il>)\ + \(VU n (t),il>)\) 

n—rco 

<coSHh. 



It follows by the usual Hahn-Banach, Riesz-Fischer argument that l|7Ujl holds for U (t) and a.e. t > 0. 
For the same reason, the other estimates (|71|) . (|72(l also persist in the limit. Finally, the J invariance 
clearly survives in the limit, and we are done. □ 

Next, we prove a simple technical lemma which will control the variation of various quantities in 
the path. 

Lemma 30. Define V := {it £ C 1 ([0, 00), M 8 ) | vr(0) = (a , 0,0,0), ||vr|| < 1}, where \\ tt\\ is the 
n-part of ()139|) . i.e., 

\\tt\\ = sup ^|7r*(t)| + supi 2 |7r*(i)|. (140) 
0<t<l t>l 

Then, with = y(^ (0) ) and 0<°) = 6(tt^) as in ©, @, and similarly for y^ l \d^ l \ 
|| e ^(t) 0( ._ y (o) W)a (o )(t)) 



l"oo 


a (l)| + L(0)_„(l)| 


< 


IK {0) - 




(141) 


e ^(*) 0( ._y(l) 


(t),a^(t))\\ L i nLaa 


< 




-vr (0) || 


(142) 


\U^)(t) - 




< 


(t)lk (0) 




(143) 


\m^ 0) )(t)- 


■W(T (1) )(<)IUin£- 


< 


<*>IK C0) 




(144) 




5 i ( 7 r( 1 ))(t)|| ilnioo 


< 


(*)lk (0) 




(145) 



for all 7t^ \tt^ £ V . For the definitions of the various quantities on the left-hand side see Lemma Um 
The implicit constants here depend on ao but are otherwise absolute. 

Proof. In view of the definition of tt!^ 1 , ir!^ in Definition El we have the following bounds: 



sup[|a(°)(t) - a«(i)| + \v^(t) - v<U(t)\ + \D<®(t) - D^(t)\] 
t>o 

poo 

< / (\a (0 \s)-a^\s)\ + \v^\s)-v (1 \s)\ + \D^\s)-D^(s)\)ds 
Jo 

f-oo 

<lbr<°>-7rW|| / {s-h^] + '-\[»i])d8<\\*M 



In particular, 

U(0) _ a (l)| + |„(0) _ (1)1 < 11^(1) _ (0). 

I^OO u OO I * \ u OO U (^T) I II" " I 



50 



which is (HHJ. Moreover, (recall that tt(°)(0) = 7rW(0) = (a , 0,0,0)) 

|y(°)(t) - y«(i)| < f |</°)( S ) - ^)( S )| ds + |£>(°)(t) - £>«(t)| 



< 



Jo Jo Jo 



and 



<<t>l|* {0) -* (1) | 



| 7 (0)( t )_ 7 (i)( t )| < /*| 7 (o)( s )_ 7 a)( s )| ds+ / \v(V( s ).y( \s)-vW(s)-yW(s)\ds 
Jo Jo 

< f (s)- 2 ds\\7r (0) -7rW|| + / |v (0) (s) -w (1) (s)|(s)ds 
Jo Jo 

<log(2 + t)|K(°)-7r( 1 )|| < (t)!)^) -ttWH. 

Let 9 be as in @. Then 

|0 {o) (i,x) -0 (1) (t,:r)| < |v (0) (t) -v (1) (i)||x| + [\\v (0) {s) -v W (s)\ + |a (0) (s) -a (1) (s)|)ds 

Jo 

+ | 7 (o) (f) _ 7 (i) (t) |< (N + (f)) || 7r (o)_ 7r (i)||. 

The estimate (|142j) now follows easily. Indeed, observe that |x| behaves like t in this context. The 
other estimates (fT15|) . (fTH)l . and ([Ho]) are easily deduced from (fH2l . □ 

We will use the following simple extension of the contraction principle. Of course if is well-known, 
but we still record it here. 

Lemma 31. Let S C X be a closed subset of a Banach space X and T C Y an arbitrary subset of 
some normed space Y . Suppose that A : S x T — > S so that with some < 7 < 1 

sup \\A(x,t) - A(y,t)\\ x < l\\x - y\\x for all x,y G S, 

swp\\A(x,ti)-A(x,t2)\\<C \\ti-t 2 \\Y for all h,t 2 eT. 

Then for every t £ T there exists a unique fixed-point x(t) 6 5 such that A(x(t),t) = x(t). Moreover, 
these points satisfy the bounds 

\\x(h) -x(t 2 )\\x < r-^-Wh - t 2 \\ Y 
1-7 

for all t\,t 2 £ T. 

Proof. Clearly, x(t) = linin^oo A(x n (t), t) where for some fixed (i.e., independent of t) xq 

x (t) := x , x n+ i(t) = A{x n (t),t). 
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Then inductively, 



\\x n+1 (h) - x n+ x(t 2 )\\x < ||A(x n (ti),ti) - A(x n (t 2 )M)\\x + \\A(x n (t2),h) - A(x n (t 2 ),t 2 )\\x 

< 7||x n (ti) - x n (t 2 )\\ x + Copi - t 2 \\ Y 

n 

< C Q ^ 7 fe ||ti-t 2 ||y 

fc=0 

for all n > 0. Passing to the limit n — > oo proves the lemma. 
We are now ready to state the contraction property of 



□ 



Lemma 32. Under the hypotheses of Theorem the map ^ : Xg — > X$ is a contraction in the 
norm (j!39j) . Thus \E r has a fixed point (tt,Z) £ X$, which is completely determined by Rq. Hence, 
the function h(R ,-K^ , Z^) now becomes a function h = h(Rg) of Rq alone. It satisfies (|99|) as 
well as the Lipschitz bound 

\h(Ro)-h(Ri)\<S\lRo-Ri\\ (146) 
for any Ro,R± satisfying P+(ao) (^) = ; and \\Rj\j < c\8, j = 1,2. 

Proof. Let (vr^, Z<W), (ttW, Z^) G X 5 and set 

(^ 2 \z^) :=^(^°),Z(°)), (tt^,Z^) :=V(irW,zW), 

as well as 

U^(t) := M^^GU^mZ^it), UW{€) := M{^){t)g^{^){t)Z^\t) 
U^(t) :=M(vr( 1 ))(t)g oo (7r( 1 ))(t)Z«(t), U®(t) := M^^Q^^Z^ (t). 

Hence, by definition of ^ we have the linear problems 

idtl/M -H(aW)U® =^d n W(7T^)+N(U^,7T^) + V(7r^)U^ (147) 

for 1 < j < 8 and 

id t U (3) - W(qW)?7 (3) = ^d^Wi-ir^) + N(U (1 \tt (1) ) + V{tt {1) )U W (148) 
(^d^W^),^^)) = -i(U^,^(n^)) - (U^,E^W)^(^)) - <iV(C/W tt (1) ), ^(ir«)) 

for 1 < j < 8. The initial conditions are 

8 



^ (2) (0)=g oo (7r(°))(0) 



^ (3) (0)=g oo (vr( 1 ))(0) 



i?0 
Rq 

Ro 

Rq 



+ / i (0) / + (a£ ) ) + E4° ) ^(« {0h 



3=1 



+^ (1) / + (^ ) )+E4 1) ^(^ ) ) 



3=1 



vr(2)( ) = 7 rW(0) = (a , 0,0,0), 



r (3) 



(149) 

(150) 
(151) 
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e-^ (o) )(*)9 a 0(--y(7r( o ))(i),a(°)(i))y \_ e -*(ir(«»)(t) V 0(- - y(vr(°))(t), a(°) (*)) 

-2|i?(°)| 2 iy(7r(°))(t) - ^(vr(°))(t)(ii( )) 2 - |ii( )| 2 i?( )\ 
2 1 J2(o) | 2 W (tt(°) ) (t ) + W(7r( ) ) (i) (22(°) ) 2 + 1 12(0) |2#(o) J ■ 



where we have set 

:= h(RoM° ] ,Z^), := h(R ,7r^,Z^) 

for simplicity, and similarly for aj = aj{h). We cannot compare and 

because they are given 

in terms of reference Hamiltonians which involve the vectors 7T<1? and tt!^ and the latter cannot be 
compared. Indeed, since we only know that |7r(°)(i) — -fr^(t)\ < (£} 2 1 1 tt^ ^ — vr^^H, the best estimate 
on the "terminal translation" here would be 

\D® -D$\ < HvrW -vrWUlogllvrW -^r 1 , 

which is too weak for the contraction. Therefore, we return to the system (|21|) . (|74j) . More precisely, 
with = (^[o)) and Z& = (^[ij) one has the systems 

i d,z^(t) + ( A + 2 I^(- (0) )I 2 ^V 0) ) \ zi 2 )(t) 

_ . {2) /-*e i0(7r(O))(t V(- -y(vr(°))(t),a(°)(t))\ . (2) /- e ^ (0) )W^(. _ y(n^)(t), a<°> (t)) 
~ V Vxe-^ ( ° ))(t V(- -y(7r(°))(t),a(°)(t))J + ^ V e -^(T (0) )(*)<£(. _ y(vr(°))(t), a(°)(t)) 

+ id( j ( e*<- ( °>> (t) 0«0(- -y(^ 0) )(«),« (0) (t)) ^ + ^(2)^ -^ )(t) V^ -v(^)(t),a (0) W) 

+ 
and 

ldtZ {t)+ { -W 2 (^) -A-2|W(vr( 1 ))| 2 ) Z {t > 

_ ■ (3) (-xe i0( -* (1) W<t)(- - y(vr( 1 ))(t), a« (t))\ . (3) /- e ie (- (1) )W</,(. - y(irW)(t), a« (t)) 
- y ^ e -^( 7r(1) )( t )^(--y(7r( 1 ))(i),a( 1 )(t))y + ^ V e -tf(* (1 >)(*)0(. _ ^(i))^), a« (t)) 

(3) fe^ (1) )W^(--^ (1) )W,« (1) W) \ , . • (3) A-e l ' 0(7r(1))(t) V0(--y(7rW)(t),a( 1 )(t)) 
+ w * ^ e -^W)(t)9 a 0(--y(7r( 1 ))(t),a( 1 )(i))y ^- e -^W)(*) V( ^(. _ ^(i))^), a (i) (*)) 

/_ 2 |i?(i)|2^( 7 r( 1 ))(i) - ^(vrW)^)^ 1 )) 2 - \rW\ 2 rW 
+ V 2| J R( 1 )| 2 ^(vr( 1 ))(t) + W(n0-))(t)(R0-))* + \R^\ 2 R^ 
Using the notations from Lemma we rewrite these systems in the form 

=:^ ] d^W{^) + N^\^) (152) 
id t Z® - H(^(t))Z^ =i[j2(DMl ~ vf^l) + A (3) # " ## } ] + V (1) ) 

=: v^d^W^) + N m (zW,irW), (153) 

where 77^ := fjj(n^), ifp := ^(vr^ 1 )), 7*(i) := j + v ■ y(t), and iV* is defined in the obvious way. 
By construction, U^ 3 \U^' satisfy the orthogonality conditions 
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for all 1 < j < 8 and t > 0. By Lemma H^l these are equivalent to 

(Z( 2 )(t),|,(vr(°))(t)) = (z( 3 ),0(vr( 1 ))( i ))=0. 

Taking the scalar products of IJ152JI and (|15H|) with £j(7r( )) an d £j(ff^), respectively, leads to the 
following modulation equations on the level of Z(t): 

(*Pa*W(*®) t Zs{*y>)) = (ZW.tt^CttW)) - (N # (Z(°\^),^)) (154) 
(^^(TrW),!^^ 1 ))) = (Z^^S^)) - (N^Z^M^Uj^))- (155) 

Here we used the notation from (|48jl. Subtracting (j!52[) . (|15H|) . and (j!54j) . (|155|) . respectively, we 
obtain the equations that will provide the estimates for the contraction step: 

id t (Z^ - Z^) - H{^{t)){Z® - Z®) = - jri 2) )d n W(nW) + V{^\^)Z^ 

+ N* (Z« , vr(i) ) _ N*(ZW f vrW ) + (d„W{^ ) - 8 n W(n^ )) (156) 

8 8 

(Z® - Z^)(0) = fc«^(a«) + £4\(a«) " [^Z+rf) +£4\i(^)] (157) 

i=i i=i 

((^ 3) - ^d^W^U^)) = (Z^ - z( 2 U 0) S,(vr (0) )> + (ZW^S^W) - ^S^)) 

+ (^.(zW.ttW) - ^^ (0) ,7r(°)),0(7r«)) + (A^V^^) "^ (0) )> 

+ (^ 3) (9^(^°)) -^(vrW)),!^^)) + (^ 3) 9^(^°)),^(7r(°)) -^ (1) )) (158) 

Here 

y(^(0)^(i)) ^^(TrW)-^ )) 

/ 2(cf> 2 (- - y(°), a (°)) - </> 2 (- - y (1) ,a (1) )) e 2ie( °V(- - y (0) ,a (0) ) - e^'VO - a (1) ) 

= ^ _ e -2^) 0( ._ y (O) )a (O) ) + e -2^)^ ( ._ y (l) )a (l) ) _ 2 (^(._ I/ (D) ja (0))_^2(._ y (l) >a (l))) 

In view of (gig) , 

l|V r (T (0) ) 7r (1) )IUinL«-<(t)||7r(°)-7r( 1 )||. (159) 
Set T(°)(*) := M^(°))(t)g oo (7r(°))(t) and define C/^ := T(°)(t)Z( 3 )(t). Hence, 

(j/(3) _ [/(2))( t ) = r(°)(t)(z( 3 )(t) - Z^{t)) 

satisfies the transformed equation 

idt 0® _ [7(2)) _ H(a^)(m - I/®) = T(°)(t)[(^ 3) - jrPfaWfrW) + V(n<-°\irW)Z®] 

+ T(°) (t) [iV # (Z« , 7T« ) - iV, (Z(°) , tt(°) ) + tt£ 3) ( d n W(^ ) - ^W(7rW))] + y(7r(°))(t/( 3 )-^ 2 )). 

(160) 

As before, we need to split the evolution into the three pieces 

tf(3) _ u(2) = Ps{a M)(uW _ ^(2)) + Ploot (aW)(U {3) ~ U^) + FUc®)(P® ~ U^). 
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In view of Lemma ^] and Lemma QUI 

\(u® - u^,^))\ = \(z^ - z^,i^))\ = \(z^\^ {0) ) - 

< 5*\\Z^\\ 2+O0 (t)\\ IIttW - vr«|| < 6 s (t)^\\n^ - 
provided j ^ 3, 4, 5. On the other hand, by Lemma EH 

|(C/ (3) -C/ (2) ,6 + Kvr (0) )>| 

< \( Z w - z^,i w (^))\ + \ ye (^) - ( yoo H^)\ \(u® - u^,^))\ 

< \(z^,i 2+e (^) - e 2+ ,(vr (1) ))| + |^ {0) ) - (yoo)^ (0) )l \(U {3) - c/ (2) ,ei(vr(°)))| 

< 5 3 (t) -I ||7r (0) _ ^(Dn + 6 2 l{i j(3) it) _ U^ m4+00 (t)-\ 

The conclusion is that 

\\Pro 0i (a^)(U {3) - U^)(t)\U +00 < 6(t)-H*V> - vr«|| + 5^(1) - (t)\U +00 (t)-\ (161) 

Next, we turn to the dispersive piece P s (a ( ^)(U^ - U®). This requires estimating each of the 
expressions on the right-hand side of (|16U|) in the appropriate norms. In will be convenient to use 
the notations 

fJ-z(t) :=* 5 X[t>i] +t 1 X[o<t<i], fJ>n{i) -=t 2 X[t>i] +**X[0<t<i]- 

Then, 

|| T (0) (t)[(i (3)_ .(2) )a7r ^ (7r (0) ) + y(7r (0) )7r (l) )z (3) ]||in2 

< \\tt^ - n^W^it)- 1 + 8(t)-$\\ir® - ttW||. (162) 

Moreover, by (|159|) . 

\\V(^)(U^(t) - U^(t))\\ ln2 < ||y(^ ))|| ln4 ||[/( 3 )(t) - C/ (2) (i)l|4 + oo 

<5 2 \\m 3 Ht)-U^(t)\\ 4+O0 . (163) 

Another easy term is 

WT^it^id^Wi^) - d„W(7rW))\\ lnoo < 5 2 (t)- 2 \\7r^ - tt«||. (164) 

Next, we turn to the nonlinear terms N^Z^,^) - N^(Z^°\tt^). Recall that 

(1) (1) f-2\R^\ 2 W(^)(t) - W(^)(t)(R^) 2 - \R(V\ 2 R^ 
M ' ] V 2| J R(°)| 2 V^(7r(°))(i) + V^(7r(°))(i)( J R(°)) 2 + | .RW | 2 i?(°) 

The right-hand side here naturally divides into three columns, which we formally write as 

\z\ 2 w, Z 2 W, \Z\ 2 Z, 
respectively. Let us start with the third column (we suppress t for the most part): 

W\zW\ 2 zM-\zW\ 2 zW\\ ln 4 

< ||Z<°> - ^ (1) ||4 + oo(|| iW + l^ (1) | 2 ||| nl + II \Z<®\ 2 + \Z^\ 2 \L^ 

<5 2 \\Z^-Z^\U +OQ . 



2n|. 
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This estimate is the reason we do not work on I? + L°°. Indeed, in the latter case we would be faced 
with ||C^(f)||^o, which we can only bound by t~z for small t, see (j7'2j) . This bound is nonintegrable 
at t = 0. The first column satisfies 

|||Z( )| 2 Ty(vr(°))-|Z( 1 )| 2 W(7r( 1 ))|| ln 4 

< ||Z® _ Z^\U +00 {\\ |Z®W(tt®)| + |Z®W(tt®)| || |nl + || |Z®W(tt®)| + \Z®W{*V>)\ || 2nf ) 
+ ||^ (vr (0) ) _^(i) ) || lnoo || Z (i)||2 +oo 

<5||^ 0) -^ 1) ||4 + oo + 5 2 (i)- 2 |k(°)-7r( 1 )||. 

An analogous bound holds for the second column. Collecting these bounds yields 

H^Wfiv.c^f 1 )^^)) - ^(^(o),^^))]!!^! < - ^(^iu+oo + j2 (t) - 2 | |7r( o) _ ^ci)^ (165) 

Combining (El, fTO . (fTM|l . and (gig}) leads to 

||right-hand side of GEUIIm* ^ £(i)~s|K® - 7r Co) || + <J||Z (1) (t) - Z®(i)|| 4+00 

+ 5 2 \\U^{t) - U^(t)\\ i+00 + IK® -Tr^lKCt)- 1 (166) 

Denote the right-hand side of (|16U|) by i 7 . Estimating the Duhamel version of (|16U|) therefore leads 
to the conclusion that 

4+oo 

(167) 



4+oo 



(t \\e-< t - s ^ a ^P s (a^)F(s)\\ 00 ds+ f \\e- i ^ H ^P s {a ( ^)F{s)\\ A ds 

J(t-i)+ 

< rt||P s (a®)[£/®(0) - uW(0)]\\ lXm] + H||P s (a®)[L7®(0) - (0)}\\ ± x [0<t<1] 

+ J* {{t ~ *r f + (t~ srh[(t-i) + <s<t]) (<5( S )-i|K (1) " ^ (0) ll + S 2 \\(Z {1) - Z^)(s)\U + oo 
+ 5 2 \\U^(s) - U (2 \s)\\ 4+O0 + |K® - tt® H/^W" 1 ) 
As far as the initial conditions are concerned, we infer from (|149|) . (|15U|) . as well as (1141(1 that 
||P s (a®)^ (3) (0)-f/ (2) (0)]|| ln| 

< |/>®|||[P s (a®) - P s (a®)]/ + (a®)|| 2 + £ |a® |||[P s (a®) - P>® )]r, fe (a® )|| 2 

fc=i 

< 5 2 [|vrW — ttW[|. (168) 
Further simplification of (|167|) therefore leads to 

||P s (a®)(C/® - UW)(t)\\ i+00 < 8^ Z (t)- 1 |K® - 7T® || + £ 2 H SU P ^( S )||C7® ( S ) - [7® ( S )||4+oc 
+ $H (IK® - 7T® || + SU P /i Z (s)||Z® ( S ) - Z®( S )|| 4+0 o) + H |K® - 7T® ||, (169) 



s>0 
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where we used the elementary estimate J* *(i — s) 2 (s) 2 ds < (t) 2 . It remains to bound 

\\PU^)[u {3) (t)-u^(t)]\u +oc . 

To this end write 

IU(a®)[U®(t) - uW(t)\ = 6 + (t)/ + (a£)) + b~ 
with coefficients that are governed by the hyperbolic ODE 

±(b+(t)\ _ ( a(ag>) \ (b+(t)\ = AT 



dt\b-(t)j y -.rf) ; \b-(t))-\ 9 -'- (170) 

Here 

F im (a£>)F(t) = i/ + (i)/ + (a<°>) +g-(t)f~(a^) 

where F stands for the right-hand side of (|16U|) . Clearly, g^(t) satisfy the bound from (|166|) . We 
need to find b (0). To this end compute 

P im (^)[U {3 \0) - C/( 2 )(0)] = &+(0)/+(a<°>) + 6-(0)/-(a£)) 
= P im (aW)g oo (vr(°))(0)[(/ l ( 1 ) - ft(°))/ + (aS)) - fc«[/ + (a^) - /+(««)] 

+ ^[aJ 1) ?? ,(a«)-4 1) r ?J (a«)]]. 

Thus, 

| 6 +(0) - (^(D - < p\ h V> - hW\ + 5 2 \\kW _ ^(0)11 + 6 2 J- | f - af I 

< <^(1) _ ^(0)| + ^1^(1) _ ^(0)^ 

where we used (|86[) in the final inequality. Moreover, 

\b-(0)\<\hM-hW\+P\\*M-nW\\. 
Since b (t) is a bounded solution of the ODE (|17U|) . it follows from Lemma and (|166|) that 

|fc + (0)| < / e-^)*(| ff +(t)| + | ff -(t)|)di 

><t)-|||7r« - 7r(°)|| + 6\\zW(t) - Z^(t)\\ 4+00 







^ /°° e -ff(a<S>)t 







+ 5 2 ||C/( 3 )(t) - C/( 2 )(t)|| 4+ oo + Ik^ - tt^H^^)- 1 

< 5 || (7r (0) _ ^(D ;Z (0) _ Z (D)|| + 5 2|| (7r (3) _ n (2) jZ (3) _ Z ( 2)) || + ^(3) _ ^(2) || 

and thus also 



\ h W - h M l + | 6 - 

< «5||(7r(°) -7r«,Z(°) +<5 2 ||(vr( 3 ) -vr^ 3 ) — ^ (2) )|| + - vr( 2 )||. (171) 
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H+oo <\b + (t)\ + \b-(t)\ 



Furthermore, in view of (|97j). 

||p im (^)[c/( 3 )(t)-^(t)]||< 

+ S*\\UW(s) - U^(s)\\ 4+00 + \\ttW - n^W^s)- 1 ] ds 
+ e-^'^^IKvrW - tt« Z(°) - Z«)|| + 5 2 ||(vr( 3 ) - ^ 2 \Z^ - Z^)\\ + ||tt^ - ir^\ 



poo 



+ I e 

/Q 



5 ( s )-||| vr (l)_ vr (0)|| +5 || Z (l) (s) _ Z (0) ( 



S 4H 



+ ^||tf(3) (s) - ^ 2 )( S )|| 4+oc + 1^(3) -^H^^-l 



< 



( t )-£ [JII^W _ 7r (D ) Z (0) _ Z (l))|| + 5 2|| (7r (3) _ ^(2)^(3) _ Z ( 2)) || + ||^(3) _ ^(2)^ (m) 



(7r (3) .^(^^(S) 



Now set 

e :=\\(^-^\z^-Z^)l e 2 :- 
Combining (JTHU), (fTTTTT^ . and (fTT5|) leads to the bound 

sup^(t)||^ (3) (i) - ^ (2) (t)|| 4 +oo < fe + 6 2 e 2 + llvr^ - tt^\ 



and thus also, in view (|171|) . 



(173) 



(174) 



We now turn to estimating the difference of the paths Indeed, inserting some of the bounds 

we derived into (|158|) yields 



71" 



(3) (*) " * (2) WI < ^ 2 (t)- 3 ||^ {3) - ^ {2) )WI|4 + oo + 5(t)-H(t)-h\\nW - + 5 2 (t)- 2 ||vr« - 7r<°) | 
+ S(t)- 3 2\\Z(°\t) - zW(t)\U +00 + 5 2 (t)- 2 ||7r« - tt^H + J 2 ^)- 2 !!^ 1 ) - vr(°)|| 

which implies that 

sup/^(t)|^ (3) (i) - ^ 2 \t)\ < 5 2 e 2 + 5e . 



Combining this bound with ()173j) yields that e 2 < Seq, which is the same as 



\^(R ,7r ( - \Z^)-^(R 1 ,^ 1 \Z^: 



< 



7T 



(0) 



*<•»)-(*•« z <l))ll, 



where we have included the initial condition R$ in the notation. We have shown that $ is a 
contraction in X$. Denote the unique fixed-point in Xg by (tt(Rq), Z(Rq)). We claim that this 
fixed-point is Lipschitz in Rq in the following sense: 



||(7T(i? ),Z( J Ro))-(7r( J R 1 ),Z( J R 1 ))|| < \\R - R^j. 
In view of Lemma it suffices to show that 

||tt(i2o,7r( \z(°>) - *(Ri,tt(°\z^)\\ < \\R - 



(175) 
(176) 
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To prove this, set 

(7r (3) ;Z (3) ) = ^(i? 1 ,^0) )Z (0)) ) (7r (2) )Z (2) ) = $(^^(0)^(0)). 

The difference of these functions is controlled by the equations (|156|) . (|158|) with 
Z^ 1 ). Hence, 

^(Z® - Z( 2 )) - H(^(°)(t))(Z( 3 ) - Z( 2 )) = (tt£ 3) - 7r®)a ff W(7r(°)) 
with initial conditions 

(z^ - z«)(o) = (*) - + (fcW - + - «f H(^), 

cf. (|157|1 . The orthogonality conditions 

(zW(t),&( W W)(t)) = (Z( 2 )(t),|,(7r(°))(t)) = 
hold for all t > by construction. Setting 

f/(3) := t-(°)z( 3 ), 
as before, we obtain the transformed equations 

id t {U® - U&) - H{a^)(uV) - [/( 2 )) 

&v> - u^m = &oo(o)[( J) - (I j + (*« - ^)/ + «) + }>« - 

The orthogonality conditions are (U^ — U^ 2 \^j(7r^)} = 0. The estimate ()176j) now follows by using 
the same techniques that we have employed repeatedly in order to control the solution — U^ 2 \ 
We skip the details. 

Combining Q175|) with (j!74|) leads to the statement that 

\h(Ro) - h(Ri)\ < SfRo - Ri\\, 
as claimed. □ 

Proof of Theorem^ Given Rq, the previous lemma establishes the existence of h = h(Ro) G R as 
well as (tt, Z) = (tt(Rq), Z(Rq)) G X$ where 5 = Co|||-Ro|||) which solve 

id<z(t) + ( A + W-)l 2 \ Z(t) 

xe tf W(^(- - y(ir)(t), a(t))\ . /- e *to(*)0(. - y(pr)(t), a {t)) 



" \xe- ie ^)(j){- - y(7rj(tj, a(tjj / 7 Ve~^WW0(- - y(7r)(t), a(t)) 
e tfWWa a 0(.- y ( J r)(t), Q (^)) \ . / - e »(T)(*)V0(- - 



e-^(T)(t)5 a 0(. _ y (TT){t),a(t)) J ^- e -«W(t)V^ - y(7r)(t), a(i)) 
2| J R| 2 M/(vr)(i) - W(7r)(i)i? 2 - |i?| 2 i? 
+ 1 2|i?| 2 H>(^)(t) + W(n)(t)R? + |i?|2i? 
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with initial conditions 



Z(0) 



Rq 
Rq 



tt(0) = (a , 0,0,0). 



Here a,j = a,j(h(Ro)) £ R. Define 



Since 



$(#0) := h(R )f + (a oo ) + J2a j (Ro)i] j (a c 



\h(R )\+J2\*MRo))\<S 2 <\}Ro\\ 



the estimate (jHJ) follows. Moreover, © follows from (|146|) . Since Z = is J- invariant, it follows 

from Lemma 03 that 

tl>(t) := W(ir(t)) + R(t) 
is an H 1 -solution of the NLS ©. Finally, 

||Je(t)|| W M <6, \\R(t)\\oo <srl 

follows from (|70|) and (|71|) . whereas (|69|) ensures that the path is admissible and therefore converges 
to 7r(oo) with 

sup |7r(t) — 7r(oo)| < 5 2 . 

t>0 

Finally, we turn to the scattering statement. According to Lemma El 

id t U - Hia^U = 7rd w W(ir) + N(U, vr) + V{n)U (177) 
U(0)=G oo (tt)(0) 

Denoting the right-hand side (|177j) by F(t), we have 

U{t) = e - itn(aoo) U(0) -i 
The estimates (j^-JZII imply that 



R \ + {$(Ro] 



l \RoJ \HR 



e -i(t-s)H(aoo) F r s ) ds _ 



\F(s)\\ 3 _ n2 <(s}-2. 



\ns)\\m 2 < (s)" , 



\F(s)\\ 2 ds < 00. 



This allows us to define 



U-i 



[•CO 

:= PU(0) - i I e !sH(0oo) PF(s) ds G L 2 (R 3 ) 
Jo 
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where we have set P := -P s (aoo) + -froot(«oo) = 1 — -Pim(«oo)- We are using here that 

\\e is7iM PF(s)\\ 2 <(s)- 3 2, 

which follows from the fact that growth of e isW ( a °°) on the root-space can be at most s. Clearly, U\ 
was defined so that 

/oo 
e -i(t~s)H{ aoo ) pF ^ ds 

which implies that 

\\PU(t) - e-^^Uxh < (t)"3 -> 
as t —* oo. As far as the hyperbolic part is concerned, we define 

/•oo 

^2 := PrJa^UiO) - i / e~ s ^ Pr m ( aoo )F(s) ds. 

Jo 

Because of Lemma OdI 

poo 

PUaoo)U(t) - e - itH ^U 2 = i J e (*- s ) CT ^)p im (Q 00 )F( S ) ds. 
In conjunction with the P-part this shows that 

/"OO /"OO 

U(t)-e- itn ^\U 1 + U 2 ) = i e- i{t - s)H{a °° ) PF{s)ds + i e^^^ P im { aoo )F(s) ds. (178) 

Jt Jt 

Therefore, as t — ► oo, 

C/(t) = e - i «( a -)([/ 1 + U 2 ) + o L 2{\). (179) 
Another consequence of (j!78[) is the estimate 

\\e- itHM {U 1 + U 2 )h<\\U{t)h+ / (t-s)-2\\F(s)\\ 3 _d S <(t)-2. (180) 



This implies that in fact P r oot(^i + U 2 ) = 0. Seeing this requires some care, as we do not know that 
Ux + U 2 e L 1 (R 3 ). However, (fTHHl) implies that 

l|e" 4W(aoo) (^i + ^)|| L 4 (i 3 (R 3 )) <oo. 

On the other hand, by the Strichartz estimate (|259|) . 

\\ e -itH( aao ) Ps{Ui + u 2 )\\ Li{L s m) < \\PsiUt + U 2 )\\ 2 < oo. 

Hence, also 

|| e -im (Qoo ) Proot([/i + u 2 )\\ LHLUR3)) < oo. 
However, this is only possible if in fact P r0 ot{U\ + U 2 ) = 0, as claimed. Therefore, 



roc 

Ui := P s U(0) - i / e isH{a ^P s F{s) ds 
Jo 



61 



which in particular implies the dispersive bound 

/OO 
(t- s )-2\\F(s)\\ ln2 ds<(t)-2. (181) 

It remains to show that one has scattering for the evolution of H(aoo)- This is a standard Cook's 
method argument. Indeed, write 

-H( n ^f-^ + al \ / -2^o -<ft \_.< H(n 
W(aoo) -l A-c&JH 2^ J-Wo(°oo) + V; 

where cj)^ := </>(•, aoo). Then 

«,-«"(<*«) + j7 2 ) = e-ttWoCcxoo)^ + t^) - j / e -*(*-^o(aoc)- l/e -i S w(a 00 )( C7i + ^ ds 

■/ 



and thus 

J7 3 := lim e **Wo(ao ) e -ftW(aoo)( [/l + ^ ( 182 ) 



t— >oo 

-2 



exists as a strong L limit. Indeed, this follows from 

oo roc 

|| e i S Wo(a c)y e -i S W(a 00 ) (Z7l + [/ 2 )|| 2d5 < / || e -^(«-)([/ 1 + C/ 2 )|| 2+00 (is < OO, 

JO 

see (fTHTjl . It follows from (11731) and (ITS!?]) that 

I7(i) = e-^oCacx.)^ + o L2 (i). 

Finally, 

= aooW" 1 ^^)" 1 ^^) = e-^g^Ua + o L2 (l), 
where Wo = ( ^ ^ ) ' letting ^oo^O)^ = (/°) an d ^(*) = d(t))' we obtain 

^) = e JiA /o + o L2 (l), 

and the theorem is proved. □ 

Proof of Theorem^ The idea is as follows: Given oq, consider the NLS Jyi with initial data 
</>(•, «o) + Rq- Applying the usual eight-parameter family of symmetries (Galilei giving six pa- 
rameters, modulation one, and scaling also one — scaling here is the same as the parameter a), 
we transform this to W(0, •) + i?i where W(0,x) is a soliton with a general parameter vector ttq 
which is close to (0, 0, 0, oq). Hence, we can apply Theorem^to conclude that these initial data will 
give rise to global solutions with the desired properties as long as W(0, x) + R\ lies on the stable 
manifold associated with W(0,x). To prove that we obtain eight dimensions back in this fashion 
requires checking that the derivatives of W(0, x) in its parameters are transverse to the linear space 
S of Theorem ^ However, these derivatives are basically the elements of the root space N of 7i(ao), 
whereas we know that S is perpendicular to the root space N* of TL(ocq)* . But Lemma ITT1 implies 
that no nonzero vector in J\f is perpendicular to N* , which proves that J\f is transverse to S, as 
desired. □ 
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7 The linear analysis: L 2 theory 



The purpose of this section is to develop the L 2 -estimates on the evolution e _l * w ( a ) which were 
used in the proof of Theorem ^ Such L 2 -estimates were already obtained by Weinstein |Weilj . 
but his results do not cover the unstable operators which result from linearizing the supercritical 
equation (^Q). We start with a brief outline of the linear theory, both L 2 as well as dispersive. The 
latter will be dealt with in Section |H1 Some of the following statements are well-known and we do 
not provide the proofs of such results. For the most part, references are given. 

• Start from a ground state — A(f) + a 2 (p = 3 in M 3 , <p > and cj> smooth, <\> = cp(-,a). 

• Consider the system (/i = a 2 ) 

We will often write TL = TLq + V, where 

/ -A + /i \ f -u -W 

n ° = { A-m J' V W U 

Much of the linear theory here does not depend on the special structure that results from 
the nonlinear origin of the linear operator. In fact, it has been our intent to develop most 
of the arguments in the generality of a matrix potential V that has polynomial decay at 
infinity. In some instances, we have found it necessary to impose more stringent requirements, 
like some regularity or a small amount of exponential decay. In the forthcoming work with 
Erdogan ErdSch , we intend to present a more general and encompassing version of the linear 
theory developed here. 

• The system (|183|) can also be written as (relative to different coordinates) 

/ -%L. 
n= { iL + 

where L + = -A + fi - 3(p 2 , L_ = -A + fi - 4> 2 . 

• The essential spectrum is (— oo, — fj] U [fx, oo). The analytic Fredholm alternative gives that 
the resolvent is meromorphic outside of the essential spectrum. I.e., for every point gq 
(— oo, —/j]L)[fjL, oo) one has -z) _1 || < \z— (Tq\~ v for some positive integer v. Let uq = ^o(co) 
be the smallest such v. Then vq is the Jordan index, i.e., ker(TC — (Tq) v ° = ker(W — ao) uo+1 and 
v is the smallest integer with this property. 

• The number of isolated points of the spectrum is finite. 

• Consider the Riesz projection around each point of the discrete spectrum. I.e., 



P„ = -^-t(H-z)- 1 dz 



where 7 is a small loop around cjq. Then Ran(P CT0 ) = ker("H — (Jq) v ° , where uq = z^o(o"o) is as 
above, L 2 (R 3 ) x L 2 (R 3 ) is the direct (but not orthogonal) sum of Ran(P CT0 ) and Ran(I — P ao ), 
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which are closed spaces. Moreover, on each of these spaces the spectrum of TL is the natural 
one, i.e., oq in the former case, and the spectrum minus o"o in the latter case. These are 
general statements that are valid for closed operators and isolated points of their spectrum. 
See Grillakis |Grij . as well as Hislop, Sigal HisSig for the Riesz projections. 



One has L_<j) = and thus L_ > 0. In the general case of a matrix potential V we will 
impose this condition and refer to it as the "positivity assumption" . It has several important 
consequences, see eg. |BusPerl] or [RodSchSof2]: the spectrum of TL is a subset of MUiM, and 
all discrete spectrum of TL other than zero consists of eigenvalues with Jordan index one. 

An adaptation of Agmon's argument |Agm2| shows that all eigenvalues as well as elements of 
the generalized eigenspaces must decay exponentially (and since our U, W are smooth since 
<j) is smooth they are also smooth by elliptic regularity - but this is merely a convenience). 
In RodSchSof2 Agmon's argument was generalized to systems. It was shown there that 
eigenfunctions with real energy — fi < E < \x decay exponentially. Replacing E with RE 
in that argument allows one to conclude exponential decay of eigenfunctions with energy 
RE G (— fj,, (j,). For this we need to assume that W has (a small amount of) exponential decay. 

The root space of TL at zero was described by Weinstein |Weilj . It is 

^'(^'(^'(-^Jl 1 "^ 3 }- 

Moreover, in the L 2 -supercritical case like we are considering here there is spectrum off the 
real axis, at points ±icr, a > (in the case at hand there should be exactly one pair of these 
points, which are eigenvalues of multiplicity one). See Sections 01 and 0] above. 

There are no resonances in the essential spectrum. This means the following: Suppose |A| > \i 
and 

f + (TL -(\±iO))- 1 Vf = 

for some / G l?~ u x L 2 '~ CT with a > \. Then / G L 2 x L 2 , which then implies that / is an 
eigenvector with eigenvalue A. This is an analogue of Agmon's result about absence of positive 
energy resonances for the scalar case, see Agml . 



Let us assume that there is no embedded point spectrum. Then one has a limiting 
absorption principle 

sup |A|i \\{TL - {\±ie))- l \\ < oo (184) 

|A|>A ,0<£ 

for any Ao > M, in the operator norms L 2,a x L 2,a — ► L 2,_fT x L 2 ~ a with a > \. 

We will assume that one can take Ao = /i in (|184|) . This amounts to assuming that the 
edges of the continuous spectrum are neither eigenvalues nor resonances. 

Under these two assumptions there is a representation 

/ e ia [(W- (A + iO))- 1 -(H-iX-iOyr^dX + Ye^Pt. (185) 
lm J\\\>u . 



JtH 

2m 
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where the sum runs over the (finite) discrete spectrum {^} of 7i and P<*. is the Riesz projection 
onto the corresponding generalized eigenspace 



Qker((W-0) fc ) 



k=l 

of the eigenvalue Q. This representation formula (and the convergence of the integral) is to 
be understood in an appropriate weak sense, see Lemma Ell below. The proof of (j!85j) starts 
with the definition of e 1 *^ for t > by means of the Hille-Yoshida theorem as an exponentially 
bounded (semi) group. Performing an inverse Laplace transform, it can also be written as a 
contour integral of the resolvent. Next, we deform this contour and the projections appear as 
residues. 

Let P s and P c denote the following Riesz projections: Id — P s is given by integrating the 
resolvent (Tt — z)' 1 around curves surrounding the imaginary spectrum including zero, whereas 
Id — P c is given by integration around curves surrounding the entire discrete spectrum. Hence 
P s 7^ P c only if there is discrete spectrum on the real axis other than zero. Note that we 
are not excluding this possibility in the linear theory. The indices "s" and "c" refer to stable 
and continuous, although this terminology is used here in a purely formal way. Using the 
representation Q185|) one can show that there is stability in the following sense 

sup||e 4W P s || 2 ^ 2 <C, 

under the assumption that there is no embedded point spectrum and that the thresholds 
A = ±/i are neither eigenvalues nor resonances. Weinstein (Wejlj , jWei2j derived this bound 
in the L 2 subcritical case. There the only instability is due to the root space at zero, and 
the range of P s is precisely the orthogonal complement of the root space at zero of TC* . His 
analysis is variational, and is based on the definite sign of 9 a ||0(-, a) |||. In particular, his 
analysis exploits the specific structure of the system as being derived from a ground state and 
does not require our assumptions on eigenvalues and resonances. Note that what is being 
proposed above is different in several respects. It applies to very general systems and does 
not use any variational arguments (naturally, being in the L 2 supercritical case, we have the 
wrong sign of d a \\ (/>(-, a) ||| and P s is more complicated). 

Moreover, under the assumption that there is no embedded point spectrum and that the 
thresholds A = ±// are neither eigenvalues nor resonances, there is a dispersive bound 



e^Pji^o < C\t\ 



The proof of this relies on the representation ()185j) and follows the scheme of proof in the 
scalar case H = — A + V which was developed in [Go lSch . 



For nonlinear applications it is important to establish the following Strichartz estimates: 

\\e- itn - 

ft 



llir(«) < cil/lk- 

|'e-'«->« ft F( s)(i 4 ;(isi < C ||F|| 1; , (Lr) , 
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provided (r,p), (a, b) are admissible, i.e., 2 < r < oo and f + | = § and the same for (a, b). 

In the scalar case, these follow from the dispersive bound via a TT* argument, where (Tf)(t, x) = 
(e~ lt ^ f)(x). But since H is not self-adjoint, this approach does not work here. We therefore 
use a different method, which originates in |RodSch] . This method is perturbative in nature, 
and starts from the Strichartz estimates for Ho- Since the perturbing potential V is not small, 
though, the perturbation theory requires again knowing that there are no embedded eigenvalues 
in the essential spectrum of H, and that the resolvent remains bounded in the aforementioned 
weighted L 2,rj spaces at the thresholds ±/x. More technically speaking, we make use of Kato's 
notion of Ho and "H-smoothing operators. 



We now turn to a more detailed discussion. We strive to keep it mostly on a general level, i.e., 
consider general systems without any mention of ground states. Let Hq = - A + /ion L 2 (IR 3 ) where 
H > 0. Set 



He 



iH 
-iH Q 



V 



By means of the matrix J 



iVi 
-W 2 



n = h + v 



o 

-H - V 2 



one can also write 



Ho + Vi 




(186) 



Ho 



Ho 






Ho 



j, n 



Ho + Vi 






H0 + V2 



J. 



Clearly, TL is a closed operator on the domain Dom(W) = W 2,2 x W 2,2 . Since Hq = Ho it follows 
that spec(Wo) C K. One checks that for ffiz / 



(Ho - zY 



(H 



-(Ho + z) 



(H 2 



z 



(Hi 



2\-l 







(H { 



(Ho 





-'-(Ho 



(Hi 



z 2 y 



z 2 )- 1 
(Ho + z 



(187) 



-1 



X W X 1 + W 2 J(Ho - z)-*W x W 2 J(H -z)- 1 (188) 



where ()188p also requires the expression in brackets to be invertible, and with 






^1 



Wo 



|Vi|2 S ign(Vi) 






1 

|V2| 2sign(l/ 2 ) 



It follows from (TTsTj) that spec(H ) = (-00,-^] U [fi,co) C R. If V x (x) -> and V 2 (x) -> as 
x — * 00, then it follows from Weyl's theorem, and the representation Q188|) for the resolvent of H, 
that spec ess (H) = spec ess (Ho) = (— 00,— fj] U \p, 00) C M. Moreover, (|188() implies via the analytic 
Fredholm alternative that (H — z)" 1 is a meromorphic function in C \ (—00, —fi\ U [/z, 00) and the 
poles are eigenvalues of H of finite multiplicity. Note that since H is not self-adjoint, it can happen 
that 

ker(H - z) 2 + ker(W - z) 

for some z £ C. In other words, H can possess generalized eigenspaces. In the NLS applications this 
typically does happen at z = 0, see Section El 
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Lemma 33. Let 



Then, with Hq = — iA + ji, 



M = ( 1 i \ (h 



holds if and only if 

C\ifaj 1 V w -Hq-u J v^ 2 

w/iere £/ = \{V X + V 2 ), W = - V 2 ). 
Abusing notation, we will also write 

#o \ T7 / C7 —W \ ~j tt ( H + U -\\ 



H °={0 -H J- F =U -^J' W = Wo + y =l V -Fo-EtJ" (191) 

with U, W real-valued. Moreover, they need to satisfy the following requirements, which we shall 
use without any further mention. 

Definition 34. U, W are such that —A + U and — A + W are self-adjoint on the domain W 2,2 (M. 3 ). 
Typically, we want to assume U, W real-valued, bounded and polynomial decaying. Also, L\ := 
— A + n + U + W > (positivity assumption) . 

The positivity assumption has some important consequences on the location and the nature of 
the spectrum. 



Lemma 35. spec('H) = — spec(H) = spec(H) = spec(H*) and spec(H) C 1U iR. The discrete 
spectrum of spec(W) consists of eigenvalues {zj}j =1 . Each Zj with zj ^ is an eigenvalue of finite 
multiplicity, and ker(W — zj) 2 = ker(TC — Zj) for those Zj. Thus, only z = can possess a generalized 
eigenspace UfcLi ker(W fc ). There is a finite m > 1 such that ker(H ) = ker(H fc+1 ) for all k > m. 

Proof. The symmetries are consequences of the commutation properties of TL with the Pauli matrices 

1 \ / i \ ( 1 

1 J ' \ -i J ' \ -1 

That the spectrum is only real or purely imaginary under the positivity assumption and that the 
discrete spectrum consists only of eigenvalues with trivial Jordan form (up to the zero eigen- 
value) is a standard argument involving the selfadjoint operator \JL_L + ^JL_, see Lemma 11.10 
in |RodSchSof2 . Let Pq be the Riesz projection at zero. Then, on the one hand one checks that 

RanP D ker(H m ) for all m > 1. 

On the other hand, if \\(H — ^r) 1 1 1 < \z\~ u , then 

H V P Q = 0. 

Thus RanPo C ker(H"). See HisSig chapter 6 for these general statements about Riesz projections. 

□ 
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ioj and 



So the discrete spectrum takes the form (under the positivity assumption L\ > 0): Eigenvalues 
idj for 1 < j < N, with o~j > 0, as well as — Xi and > for 1 < I < M; all of 
these are true eigenspaces with trivial Jordan form. Then there is cuq = (if present at all) which 
may possess a nontrivial generalized eigenspace. If we assume that W decays exponentially, then 
an adaptation of Agmon's argument |Agm2 implies that any eigenfunction or any function which 
belongs to a generalized eigenspace is exponentially decaying. Such an argument already appeared 
in |RodSchSof2]. but it was written there only for real eigenvalues. The following lemma presents 
the small changes that need to be made to deal with the situation at hand. This is one case where 
we make use of some exponential decay of the potential (of W to be precise). 

Lemma 36. Let TC be as in (|186|) with U, W real-valued, continuous and W exponentially decaying, 
whereas U is only required to tend to zero. If f 6 ker(yl — E) k for some E with — p < IRE < p and 
some positive integer k, then f decays exponentially. 



Proof. We will use a variant of Agmon's argument Agm2 . More precisely, suppose that for some 
E, -p < RE < fx, there are tpi,ip2 £ H 2 (R 3 ) so that 



(A - /x + U)fa - W^ 2 
Wifn + (- A + /x - U)^ 2 

Suppose iW^a;) I < e _6 ' x L Then define the Agmon metrics 
P%( x ) = i n nf L A g (7) 

7:0— *x 5 



Ei/j 2 . 



(192) 



J min (y(ji±XE-U(rf(t)))+, 6/2) ||7 



dt 



(193) 



where 7(i) is a C 1 -curve with t G [0, 1], and the infimum is to be taken over such curves that connect 
0, x. These functions satisfy 



|Vp|(x)| < y/(»±KE-U(x)) + . 



(194) 



Moreover, one has p%{x) < b\x\/2 by construction. Now fix some small e > and set cj ± (3 
e 2(i-e)PB( a; ). Our goal is to show that 



uo + {x)\^{x)\ 2 +UJ-{x)\i> 2 {x)t 



dx < 00. 



(195) 



Not only does this exponential decay in the mean suffice for our applications, but it can also be 
improved to pointwise decay using regularity estimates for tpx,^- We do not elaborate on this, see 
for example |Agm2 and Hislop, Sigal [HisSig . 
Fix R arbitrary and large. For technical reasons, we set 



Per( x ) '■= min (2(1 -e)p%(x),R 



w|(a?) 



Notice that (|194|) remains valid in this case, and also that p^(x) < min(6|x|/2, R). Furthermore, by 
choice of E there is a smooth functions 4> that is equal to one for large x so that 



supp(0) C {p + RE - U > 0} n {p - RE - U > 0}. 
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It will therefore suffice to prove the following modified form of (|195|) : 



sup 
R 



ujt(x)\ipi(x)\ 2 + u) R {x) \ip 2 {x)\ 2 (t> 2 {x) dx < CO. 



(196) 



All constants in the following argument will be independent of R. By construction, there is 5 > 
such that 



(197) 



-3R / V(w£(x)0 2 (x))VV>i(x)^i(x)dx- K / Lo+{x)(t) 2 {x)\Vi)i{x)\ 2 dx (198) 



6 J u}^{x)\tpi{x)\ i 4)\x)dx< J uj+(x)(fi + RE -U(x))\ij 1 (x)\^ 2 (x)dx 
= K / ^(x)(A^! - ^2)(x)^i(x)0 2 (x)da; 



K / a; J (x) (x) (x) i\) 2 (^) <^ (x)dx. 



(199) 



As far as the final term l|199j) is concerned, notice that sup x |ci;^(x)(/) 2 (x)H /r (x)| < 1 by construction, 
whence | (|199|) | < H^il^HV^Ih- Furthermore, by ()194|) and Cauchy-Schwarz, the first integral in (|198|) 
satisfies 



V(u>^(x)(/> 2 (x))VV>i(x)V>i(x) dx 



< 2(1 -e)( / u±(x)(fjL + ?RE- U(x))^ 2 (x)\Mx)\ 2 dx 



uZ{x)(j){xY \Vip!{x)\ dx) (200) 



+ 2 / u+{x)<t>\x)\VMx)r dx)' ( / uiUx)\V<t>(x)\ 2 \Mx)rdx 



Since the first integral in (|200j) is the same as that in (|197|) . inserting (|200j) into (|198j) yields after 
some simple manipulations 

e j uo+{x){ii + ^E-U{x))\ip l {x)\ 2 ^ 2 {x)dx < e' 1 j lu^(x)\V <j)(x)\ 2 \M X )\ 2 dx 

+ / LuUx)cl>(x) 2 \W(x)\\Mx)\\Mx)\dx. 



Since V(/> has compact support, and by our previous considerations involving lo^W, the entire right- 
hand side is bounded independently of R, and thus also (|197j) . A symmetric argument applies to 
the integral with ip 2 , and (J196D . (|195() hold. This method also shows that functions belonging to 
generalized eigenspaces decay exponentially. Indeed, suppose (A — E)g = and (A — E)f = g. Then 

(A-v + U)fx-Wf 2 = Efi + gx 
Wf 1 + (-A + f i-U)f 2 = Ef 2 + g 2 

with gx, g 2 exponentially decaying. Decreasing the value of b in (|193[) if necessary allows one to use 
the same argument as before to prove (j!95j) for /. By induction, one then deals with all values of k 
as in the statement of the lemma. □ 
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As far as the essential spectrum is concerned, we recall some weighted 1? estimates for the free 
resolvent (Ho — which go by the name of limiting absorption principle. The weighted L 2 -spaces 
here are the usual ones L 2,a = (x)~ a L 2 . It will be convenient to introduce the space 

X a := L 2 ' CT (M 3 ) x L 2,cr (IR 3 ). 

Clearly, X* = X- a . The statement is that 

sup |A|i || (Ho - (A ± ie^Wx^xs < oo (201) 

|A|>A ,0<£ 

provided \q > fi and a > \ and was proved in this form by Agmon |Agml| . By the explicit 
expression for the kernel of the free resolvent in R 3 one obtains the existence of the limit 

lim ({H - (\±ie)Y l (t),i)) 

e^0+ 

for any A G K and any pair of Schwartz functions <fi, tp, say. Hence (Hq — (A db «0)) _1 satisfies the 
same bound as in ()201l) provided |A| > \i. We will also need a bound which is valid for all energies. 
It takes the form 

sup || (Ho - zy 1 \\x^Xi < oo (202) 

zee 

provided a > 1. This is much easier to obtain than ()201l) and only uses that convolution with |x| _1 
is bounded from L 2,CT (IR 3 ) — ► L 2 '~ CT (]R 3 ) provided a > 1. In fact, it is Hilbert-Schmidt in these norms. 
With these preparations, let us state a lemma about absence of embedded resonances. 

Lemma 37. Assume that there are no embedded eigenvalues in the essential spectrum ofTC = TCo+V. 
Suppose \ V(x)\ < (x) _/3 with (3 > 1. Then for any A G M., |A| > fi the operator (Ho — (A ± iO))~ 1 V 
is a compact operator on X_i_ — ► X_i_ and 

2 2 

I + (H - (\±M)y 1 V 

is invertible on these spaces. 

Proof. The compactness is standard and we refer the reader to Agml| or |ReeSim4] . Let A > fi. By 
the Predholm alternative, the invertibility statement requires excluding solutions (ipi,^) G 

2 

of the system 

= 4> 1 + R (\-n + i0)(Ut/j 1 + W4> 2 ) 
= ip 2 -Ro{-X- f J,)(Wip 1 + Uifo), 

where Rq(z) is the free, scalar resolvent (— A — z)~ l . Notice that these equations imply that ip2 G L 2 
and that 

= (^ 1 ,U^ 1 ) + (^ 1 ,W^ 2 ) + (R (X-^ + iO)(UiP 1 +W^ 2 ),(Ui'i + W^2)) 

= ($2,Wih) -(R (-X- MWfa + U^Wiln) 

= (^2,U^ 2 )-(Ro{-\-v)W^ u U^ 2 )-(Ro(-\-ii)U^U^ 2 ). 

Since U, W are real, inspection of these equations reveals that 

5(R (\ — fJt + iO)(Ufa + Wif) 2 ), (Uifa + W^ 2 )) = 0. 
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So Agmon's well-known bootstrap lemma |Agml| can be used to conclude that ipi £ L 2 . But then 
we have an embedded eigenvalue at A, which is impossible. So one can invert 

I+(H- {X±iO))- 1 V 

on X_i_ and we are done. □ 

2 

Next, we need to ensure that the thresholds ±/i are neither eigenvalues nor resonances. This 
simply means that the following variant of the previous lemma holds also for A = 

Definition 38. Let \ V(x)\ < (x)"? with (3 > 2. We require that 

1 + (H - (\±iO)y 1 V : -» (203) 

is invertible for A = ±^u. In this case, we refer to the thresholds ±/U as being regular. 

From now on, we will work under the assumptions of this definition. 

Proposition 39. Assume that there are no embedded eigenvalues in the essential spectrum and that 
the thresholds ±/i are regular. Then there is < // < (J, so that 

sup |A|3 \\(H- (X±ie))- 1 \\ < oo (204) 

|A|>At',0<e 

where the norm is the one from X\ + — > // the supremum in (j204j) is only taken over |A| > Ao 

where Ao > /U, then (12041) also holds in the norms of Xi , — > X_i_. 

2 ' 2 

Proof. We start by observing that 

/ + (H - (A ± iO)) -1 V : X_i_ -» 

is invertible for all A in neighborhoods of ±/x. This follows from (|203|) and the fact that 

|| (H - (A ± ^O))- 1 - (Wo - (// ± ^O))- 1 1| -> 

as A — > [x in the Hilbert-Schmidt norm of X\ + —* (cf. the three-dimensional free resolvent 

close to zero energy). Let // E (0, /i) be such that these neighborhoods contain Let z = A + ie, 
A > //', e 7^ 0. By the resolvent identity and the fact that the spectrum of 7i belongs to R U iM., 

(H - z)- 1 = (J + (Ho - z)- 1 ^)- 1 ^ - z)" 1 (205) 

as operators on L 2 (M 3 ). Because of the |A|~2-decay in (|201|) . there exists a positive radius ry such 
that 

\\(H Q -z)- l V\\<\ 

for all \z\ > ry in the operator norm of X\ + — > In conjunction with (|205j) this implies that 

for all |z| > ry in the operator norm of X—\— — > Now suppose (|204|l fails. It then follows 

from (|205() and (|202f) that there exist a sequence z n with 5R(2; n ) > // and functions f n E with 
H/nllx-i- = 1 an d such that 

||[/ + (Wo-^)- 1 ^]/n||x_ 1 _ ^ (206) 
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as n — > oo. Necessarily, the z n accumulate at some point A € [//,ry]. Without loss of generality, 
z n —> A and Q(z n ) > for all n > 1. Next, we claim that (|206j) also holds in the following form: 

||[I + (H -(A + iO))- 1 y]/ ri || x _ 1 „ -0 (207) 

as n — > oo. If so, then it would clearly contradict Lemma lHTI or our discussion involving Definition 1381 
To prove piT7|) . let 

5:=I + (W -(A + iO))- 1 y 

for simplicity. Then 

I + (Ho - z n y l V = S+ ((Ho - zn)' 1 - (Ho - (A + iO^V 

= [I+ ((Ho - z^- 1 - (H - (A + iO))- 1 )^- 1 ] S. (208) 

Our claim now follows from the fact that the expression in brackets is an invertible operator for 
large n on The final statement concerning Xi, is implicit in the preceding. □ 

2 T 

As in the case of the free Hamiltonian Ho, it is now possible to define the boundary values of 
the resolvent (H — z)~ 1 . More precisely, the following corollary holds. 

Corollary 40. Assume that there are no embedded eigenvalues in the essential spectrum and that 
the thresholds ±/z are regular. In that case it is possible to define 

(H- (X± iO))" 1 := (I + (Ho - (A ± iO))- 1 !/)- 1 ^ - (A ± iO))' 1 (209) 

for all |A| > fjf where fi' is as in (I204j) . Then as e — > 0+, 

\\(H-(\±ie))~ l -(H-(\±i0))- 1 \\ -► 

in the norm of X\+ — ► A_i_ and one can extend (1204) to e > 0. The same statements hold with 
Xi, — > X_i_ provided |A| > Ao > W- 

2 2 

Proof. (H — (A ± ie)) _1 is well-defined for |A| > /(/ by Lemma I3T71 or our discussion involving Def- 
inition |3H1 in the previous proof. Hence ()209|) is legitimate for those A, see also (j205|) . Moreover, 
by CDS>, 

[/ + (Ho - (A + ie))-^]- 1 - [I + (Ho - (A + iO))-^}- 1 

= S" 1 [I + ((H - (A + ie))" 1 - (Ho - (A + iO))" 1 )^ 1 ] _1 - S' 1 

oo 

= E S ~' [ - ((^o " (A + ie))" 1 - (Wo - (A + iO))" 1 ) WT x ] * 
fc=i 

tends to zero in the norm of as e — > 0+. Also, 

|| (Ho - (A ± ie))- 1 - (Wo - (A ± iO))" 1 1| - 

as e — > in the norm of X\ + — > X_i_. Combining these two convergence statements finishes the 
proof of the corollary. □ 

For later applications to dispersive estimates we will also need to control derivatives of the 
resolvents in weighted 1? spaces. 
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Corollary 41. Assume that there are no embedded eigenvalues, and that the matrix potential V 
decays like |V(a?)| < (x)~ 3 ~. Then for every Xq > \l, 

sup \\d x (H-(X±iO))- 1 \\ <1 

|A|>A 1+ -I- 

sup \\dl(H-(\±iO)y 1 \\ Xr <1. 

|A|>A M" 

Proof. We first note that the derivatives cP^{TLq — (A ± iO))^ 1 of the free (matrix) Hamiltonian 7io 
satisfy the uniform bounds 



sup 

A 



^(Wo-(AiiO))- 1 / 



v ^ll./ll..v, 



for all cr > j ; + | and j > 1. This can be seen from the kernel of the three-dimensional free scalar 
resolvent. Next, we transfer this to the perturbed resolvent by means of 

(H - (A ± iO))- 1 = (/ + (H - (A ± iO))- 1 ^)- 1 ^ - (A ± iO)) -1 . 

Writing i?^ and i?y for the free and perturbed resolvents, respectively, and setting <S ± (A) := I + 
R (X)V, we obtain that 

d x B$w = -s^ixy'dxR^x) vs ± (x)- 1 r^(x) + s ± (x)- 1 d x R k (x), (210) 

and since sup A>A ||5 ± (A)~ 1 \\x 1 -*x i < oo, it follows that also 

~2 _ 'I' 

sup \\d x R$(X 2 )\\x 3+ ^x 3 < 1 (211) 

A>A 2+ 5 

Note from (|21Uj) that one needs to assume the decay |V(a;)| < (1 + |x|)~ 2_£ for this to hold. Indeed, 
V needs to take X_i_ —* X3 , . By a similar argument, 

2 2" 1 " 

\\dlR±(X)\\ x 5 <1. 

This estimate requires the decay |V(x)| < (1 + |x|)~ 3 ~ by an analogous formula to ()21Uj) . □ 

Another easy corollary of Proposition |2U is the finiteness of the discrete spectrum. 

Corollary 42. Under the previous assumptions the discrete spectrum ofTL is finite. 

Proof. Suppose not. Since the spectrum of H is a subset of R U iR and since the discrete spectrum 
can only accumulate on the essential spectrum, any accumulation point would have to be either 
one of ±/u. However, this would contradict (|204|) . We are using here that any eigenfunction has to 
belong to X\ + and not just to L 2 because of Agmon's lemma l36l □ 

We can now define a projection P s (the projection onto the stable subspace). Indeed, consider 
the Riesz projection 

P s = I-^-l{H-z)- 1 dz, (212) 

where T is a contour that surrounds spec(-ff) Pi iM. but does not contain any other portion of the 
spectrum. Similarly, one defines P c as the projection corresponding to the essential spectrum (the 
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projection onto the continuous subspace). In other words, / — P c is the Riesz projection given by a 
contour integral of the resolvent around a curve which encircles the entire discrete spectrum but is 
disjoint from the essential spectrum. In this connection, one has the following variant of Lemma 7.2 
from RodSchSofl . We give an independent proof here. 

Lemma 43. Let {Lj}^£ and {L^}*£ be the generalized eigenspaces of TC and TC* , respectively. 
Then there is a direct sum decomposition 

M M ± 

L 2 (R 3 ) x L 2 (M 3 ) = Y^Lj+ (J^ L *j) ( 213 ) 

j=0 j=Q 

This means that the individual summands are linearly independent, but not necessarily orthogonal. 
The decomposition (|213|) is invariant under TC. The Riesz projection Id — P s , see (|212j) . is precisely 
the projection onto those Lj which correspond to eigenvalues on iM. and which is induced by the 
splitting (|213|) (i.e., it preserves all the other summands in that direct sum representation). Similarly, 

P c is the projection onto fX^f=o-^i) which is induced by the splitting (J21HJ) . 
Proof. This is immediate from the definition of the Riesz projections. First, 

/ - P c = — lizl -UY 1 dz (214) 
27n / 7 

where 7 is a simple closed curve that encloses the entire discrete spectrum of TC and lies within the 
resolvent set. Then, on the one hand, 

L 2 {R 3 ) x L 2 (R 3 ) = ker(P c ) + Ran(P c ) = ker(P c ) + ker(P*) ± . 

On the other hand, 

M 

ker(P c ) = Ran(/ - P c ) = L 3 

3=0 

as well as 

M 



ker(P*) = ^L 



3=0 

This last equality uses that P* is the same as the Riesz projection off the discrete spectrum of TC* , 
as can be seen by taking adjoints of (|214j) . The argument for P s is analogous. □ 

Clearly, 

P s , P c : W 2 ' 2 -> W 2 ' 2 . (215) 

The range of P s consists of linear combinations of eigenfunctions and elements of generalized 
eigenspaces. By Lemma 151)1 any such linear combination has to be exponentially decaying. 

We can now state the representation formula for e**^ which is basic to all estimates on this 
evolution which we prove here. In jErdSchj this same statement is derived without any assumption 
on the thresholds. 
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Lemma 44. Assume that there are no embedded eigenvalues in the essential spectrum and that the 
thresholds ±/i are regular. Then there is the representation 



itn 

2v 



— f e ltx [{H - (A + iO))" 1 - (H - (A - tO))- 1 } d\ + Y e m P^ , (216) 



where the sum runs over the entire discrete spectrum {Cj}j and Pq is the Riesz projection cor- 
responding to the eigenvalue Q. The formula (|216|) and the convergence of the integral are to be 
understood in the following weak sense: If <p,ip belong to [W 2 ' 2 x VF 2,2 (R 3 )] n X\ + , then 

<e 4m 0,V> = lim / e ux ([(H - (X + iO))- 1 - (H - (A - iO))" 1 ]^} dA + V(e iW P c .0, V)- 

for all t, where the integrand is well-defined by the limiting absorption principle, see Proposition^^ 
and Corollary \4C\ 

Proof. The evolution e ifW is denned via the Hille-Yoshida theorem. Indeed, let a > be large. Then 
iTL — a satisfies (with p the resolvent set) 

p(iH - a) D (0, oo) and \\{iH - a- X)~ l \\ < |A| _1 for all A > 0. 

Hence {e t ^~ a ^}t>o is a contractive semigroup, so that ||e ltw ||2^2 < e '*' a f° r all t G R. If > a, 
then there is the Laplace transform 



•X- 



(iH - z)' 1 = - I e~ tz e itn dt (217) 
as well as its inverse (with b > a and t > 0) 



e itn _ L 

2m 



6+ioo 

e tz (iH - zY 1 dz. (218) 

b—ioo 



While (|217|) converges in the norm sense, defining (|218|) requires more care. The claim is that for 
any 0,V G Dom(W) = W 2 ' 2 x W 2 ' 2 , 



i rb+iR 

(e itn (j), ijj) = - lim — / e tz ((iH- z)- l ^^)dz. (219) 
R-^oo 2m Jij_ 



rb+iR 
-iR 

To verify this, let t > and use ()217|) to conclude that 

rb+iR 1 /-6+i-R 



-i ro+w -i ro+in rc 

— e^diH-zr^dz = — e tz 

2iri J b _ iR 2m J b _ iR J 



-sz I AsH 



(e lsti (j), V?) dsdz 



= ir N6 ^) H §i 

vr 7 i - s 

Since e^ i_s ^ (e ,sW 4>^) is a C 1 function in s (recall <j> G Dom('H)) as well as exponentially decaying 
in s (because of b > a), it follows from standard properties of the Dirichlet kernel that the limit 
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in (|22Uj) exists and equals (e* tw 0, ip), as claimed. Note that if t < 0, then the limit is zero. Therefore, 
it follows that for any b > a, 



(j tH <j), ib)=- lim { — f + R e tz (CiH - zY l 0,iP) dz - — [ + ^ e tz UiH - zY 1 ^) dz\ 
R-^oo I 2m J b _ iR 2m J_ b _ iR > 

i r R 

= lim — / e i * A ([e- w (W-(A + i6))- 1 -e 6 *(W-(A-i6))- 1 ]0,-0)dA. 

R^oo 27Ti J -R 

Next, assume that <p, ip are as in the statement of the theorem, and shift the contour in the previous 
integrals by sending b — > 0+. More precisely, we apply the residue theorem to the contour integrals 
over the rectangles with vertices ±R + ib, ±R + iO and the reflected one below the real axis. The 
horizontal segments on the real axis need to avoid the poles, which can be achieved by surrounding 
each of the at most finitely many real poles of the resolvent - z)" 1 by a small semi-circle. 
Combining each such semi-circle with its reflection yields a small closed loop and the resulting 
integral is precisely the Riesz projection corresponding to that real eigenvalue. The Riesz projections 
corresponding to eigenvalues on the imaginary axis are obtained as residues. On the other hand, 
we also need to show that the contribution by the horizontal segments is zero in the limit R —* oo. 
This, however, follows from the limiting absorption principle of Proposition |2U and Corollary I4U1 
The lemma follows. □ 

Note that \\e im f\\ 2 ~ |*HI/||2 if U m f + but H rn+1 f = 0. This shows that in general e ltn is 
not L 2 bounded. However, using the previous lemma one can show the following. 

Theorem 45. Assume as before that there are no embedded eigenvalues and that the thresholds ±/i 
are regular. Then the following stability bound holds: 

sup\\e itn P s \\2^2<C. (221) 

teffi 

Proof. We need to check via ()216[) that the L 2 -norms do not grow, see ()221|) . To do so, fix again 
'nice' 4>, ip as in the previous theorem and with P s (j) = <p, P s vp = ip. Note that this can be done by 
the aforementioned mapping properties of P s . Then 

sup|(e'' m 0,^>| 
t 

< limsup / | ([(H - (A + is))- 1 - (H - (A - ie))' 1 }^, ip) \ dX + 

< limsu P 2e I \\{H - (A - %e))~ Vlh \\{H* - (A - ie))- 1 ^ dX + 

e^O J\\\>n 

The terms H^l^ll^lb here are due to possible real eigenvalues which are not removed by P s . It 
therefore suffices to show that (and similarly for rt*) 

limsup e [ \\(H - (A - is))- 1 4>\\l d\ < ||0|| 2 . 

£^0 J\X\>ii 
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To do so, we apply the resolvent identity again: 

2ei [ \\(H- (\ + ie)y l 0\\ 2 2 d\ 

J\X\>fi 



/oo 
<(W-(A + ie))-V,0>dA (222) 
-oo 



\-l 



((H* - (A - ie))~ <j>, (f>) dX (223) 



— oo 



+ / ||M(H-(A + ie))-VllidA, (224) 

J|A|>/^ 



where 



M 



2W 
-2W 



To obtain the two integrals on the right-hand sides of ()222|) and (|223|) we needed to add (or subtract) 
the integrals over the segments (— /x, /i) that were not present on the left-hand side. This is equivalent 
to adding the sum of the projections 

£ (P Cj 0,0) + 0(e) 

where the O-term results from vertical segments of length < e. The integrals on the right-hand 
sides of (|222|) and (|223f) do not present much of a problem: the integrands are either analytic or 
co-analytic and one can therefore shift the contour to large e > (to do so requires applying the 
limiting absorption estimate in the same way as above). If e > is sufficiently large (in fact, if e > a 
from above), then one has 

rL i*L poo 

lim / ((H — (A — ie))~ l 4>, 4>) d\ = -i lim / / e~ is{x - ie) {e isH (j), 4>) dsdX 



-2i lim f°° ^M e -^( e -^0, 0) ds 
L ^°° Jo s 



= const • H0H2. 

The term (|224(l is controlled by Kato smoothing theory. We show that it is < uniformly for 
< e < 1. Start from the resolvent identity 

(H - (A + ie))- 1 - (Wo - (A + is))" 1 = -(W - (A + ie))" 1 ^?* - (A + ie))" 1 . 

Set /)(x) = (x) _1 ~, say, and define 

* = (225) 

Then 

M(ft - (A + ie)) _1 = M(H - (A + ie))" 1 - M(H - (A + ie))" 1 !^- 1 ^/^ - (A + is)) -1 , 
which implies that 

M(H - (A + iO))- 1 = [1 + M(W - (A + iOjJ-VAT 1 ] _1 M(W - (A + iO))~\ 
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provided the term in brackets is actually invertible. However, since M(Ho — (A + iO)) 1 VM 1 is 
compact on L 2 , this inverse exists iff there is no nonzero / G L 2 (1R 3 ) with the property that 



[1 + M(H - (A + ity^VAT 1 }/ = 

or equivalently, 

[1 + (Ho - (A + iO))- 1 y]Af- 1 / = 

where now M" 1 / G -X_i_. However, the existence of such an / 7^ would contradict Lemma 1371 or 
Definition 1381 It follows that the aforementioned inverses exist. In fact, not only do the inverses of 
the expressions in brackets exist, but the norms of these inverses are uniformly bounded in |A| > fj,. 
Thus, we have 

\\M(H - (A + i0))~ Vll < C \\M{H - (A + »0)rVll 

for all |A| > fi. But since on the one hand ||AfJldT — 1 || O0 < 00 (assuming that U, W decay like 
(1 + Ixl)" 1 "), and on the other hand 



/ 

J x 



WMCHo-ix + ia^mdXKCiml 



'|A|>A« 

(this is the statement that p(x) is — A-smooth which is standard) we conclude that 

/ \\M{H - (A + iO))- Vlll ^ < (226) 

J\X\>/j, 

as desired. □ 



8 The linear analysis: dispersive theory 

We now turn to the dispersive bound. 

Theorem 46. Let \V(x)\ < {x)~@ for all x G M 3 with some > 3. Assume again that there are 
no embedded eigenvalues and that the thresholds ±/i are regular. Then, with Id — P c being the Riesz 
projection corresponding to the entire discrete spectrum, there is the dispersive bound 

He^Pcll^ooSltri. (227) 

Proof. We will use the method of proof from GolSch]. We start from Lemma Ull i.e., 

e itHp c= J_ f e it\rf H _f X + ^yl_f H _t x _ i0 \\-U dXm (228) 

We distinguish between energies close to the thresholds ±/i and those separated from these points. 
Thus let x+(A) = 1 if A — (J, > 2Ai and = if A — [i < Ai where Ai > is some small number. 
Similarly, X-M = 1 if A + /i < — 2Ai and = if A + \i > — X%. We will use the notation x+i'H) 
and x_(7i) formally with the obvious meaning. Let i?^(A 2 ) and Ry(\ 2 ) be the resolvents of TCq, 
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and H = TCq + V, respectively. Then, by a finite resolvent expansion and a change of variables 
A -> A 2 +/z, 



ifyt /"00 



{e ltH X +(H)P c f,g) = — / Ae itA x + (A 2 + ^)<[^(A 2 + /i)-^(A 2 + M )]/, ff >dA 



2m-l 



£=0 



7T/ 



Ae 4 ' A2 X+ (A 2 + //)([itf(A 2 + /x)(Vi2+(A 2 + I*)) 1 



(229) 



i? -(A 2 + /i)(Vi? -(A 2 + ^)/]/, 5 > <ZA 



poo 



TTl 



+ — / Ae rtA X+ (A 2 + M ) [«(A 2 + n)V) m RUy + m)(^o + (A 2 + /*)) 



(^"(A 2 + ^)n m ^y(A 2 +M) W (A 2 + / i )H/, 5 >dA. 



(230) 



We need to show that each of the 2m terms in the finite (Born) sum is in absolute value < 

3 

C(£, V) 1| /|| ills' and similarly for the remaining term containing Ry. 

Each of the first 2m terms of the Born series is written out explicitly using the free scalar resolvent 
> 0,9^> °) 



(-A-z)-\x,y) 



e iVz\x-y\ 

Att\x — y\ 



which implies for the matrix case 

R±(\ 2 + fi)(x,y) 



e ±iX\x — y | 

An\x — y\ 

o 



o 

-\/2fj,+ \ 2 \x- 
4tt\x— y\ 



(231) 



Consider the case I = in (j230j) . Upon recombining the two db parts the lower right-hand corner 
of (|231|) drops out, and one is lead to proving an oscillatory integral bound of the form 



e itx A X+ (A 2 + fi) sin(A|x -y\)d\ 
To prove Q232|) . we argue as follows: 



<t-l 



x-y 



(232) 



e itA 'Ax+(A 2 + n) sin(A|x -y\)dX 



e itx '"X X+ (X 2 + n) sin(A|x -y\)dX 



<t~ 1 \x-y\ 



'X+(A 2 + n) cos(A|x - y\) dX 



+ t~ 



e ltx Ax'+(A 2 + n) sin(A|x -y\)dX 



2 k-y|||[x+(A 2 + /i)cos(A|x-y| 



\M 



+ t 2||[Ax+(A 2 + /i)sin(A|x-y| 



\M 



x - y\. 



(233) 



Here we used the L 1 — > L°° estimate for the one-dimensional Schrodinger equation, as well as the 
elementary facts 



\m- Lj 



sup [x+(A + //) cos(Aa)] x 



sup (a)- 1 1| [A X ' + (A 2 + fi) sin(Aa)] v \\ M < C 
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where || • \\_\4 stands for the total variation norm of measures. The first is proved by writing it as 
the convolution of two measure of mass < 1 uniformly in a. The second is done similarly, but first 
write 

sin(Aa) = A / cos(Aa) da. (234) 
Jo 



This yields that the £ = in (|229|) contributes < t~? \\f\\i \\g\\i, as desired. Next, we sketch the 
argument for the case £ = 1. The argument for larger £ is similar, and we will discuss it later. 
Writing / = (jQ,g = (^) this term becomes (we ignore the factor e ltfM as well as other constants 
and we write dx = dxodxidx 2 for simplicity) 

/ I" e ltx2 X X+ (^ + M) sin(A(|x - Xl \ + \ Xl - x 2 \)) dX J IMM^±M dx ( 23 5) 
Jr& Jo " \xo - Xi\\Xi - x 2 \ 

+ f r e UX2 \ X+ (X 2 + H) sm(A|x - ^D^MI dX W(x 1 )f 1 (x )g2(x 2 ) dx (236) 

JrsJq \X - Xl\\Xx - X 2 \ 

1 e ^ 2 X X+ (X 2 + H) sin(A|x 2 - Xl \ )e ~V^\*i-*o\ dX ^MM^l^A dx (237 ) 

\Xq - Xl\\X\ - X 2 \ 

The term (|235[) can be treated by means of (j232j) . Indeed, using this bound it reduces to 

< 3 f \U(y)\ 

xgR 3 JR 3 \ x - V\ 
Hence it is enough to assume that the so-called Kato norm 

\\U\\ K := sup / M^L y<00 

in order to obtain the desired decay for that term. Since we are assuming the pointwise bound 
|J7(x)| < (x)~ 3 ~, the Kato norm is indeed finite. Now consider the A-integral in ()236|) . Extending 
the integral to (— 00,00) and integrating by parts yields 



2it / e itx2 X X +(X 2 + /x) sin(A|x - Xl \) e ~V^+^-^\ d \ 
J — 00 

/oo 
e itx2 2X X ' + (X 2 + n) sin(A|x - Xl \) e ~V^+^-^\ d \ (238) 
-00 

/oo 
e itx ' 2 X +{X 2 + fi) cos(X\x - xiDe-vW 2 !^-^ dX \ Xq _ Xl \ ( 2 39) 

+ I™ e itx2 X +(X 2 + fi)sm(X\x - x 1 \)e-V^+ x2 \^-xi\^^ =dX \ Xl - X2 \ (240) 

The integrals in (|238f) and (|239f) can be treated by the same type of arguments which lead up to (|233|) 
provided we show that 



b>0 



•X- 



sup || / e - b ^ +x2 e- lXu dX\\ Mu 

-00 



M>0 J-00 



sup II / e-^+^e- iXu dX\\ M <oo. (241) 



SO 



Now 



V^+A 2 " 



+ 



are both in L 1 



and their L 1 norms are uniformly bounded in fi > 0. It follows that 



(242) 



sup (1 + u 

H>0 



dX 



< 1 



and (|241|) holds. Therefore, arguing as in (|233f) . 

14235)1 + 14222)1 <t~3|x -a;i|- 

To deal with l|24L)|) . note that because of l[234|) . the same type of arguments as before will yield 

1423391 <t-^\x - Xl \ 

provided we can show that 



sup | 

fe>0 



Mu 



sup j 

/i>0 



e- iXu Xd x e-^+^ dX\\, A < oo. 

1 1 J W u 



We leave it to reader to check that 

|Ad A e-v / ^|| 1 + WdxXdxe-^+^Wi + \\d 2 x \dxe-"/^\U 



sup 

At>0 L 

which implies that 



< oo, 



(243) 



(244) 



f' c 

sup (1 + u 2 ) \ 

fi>0 J-i 



-i\u 



Xd\e 



Vm+a 2 



< 1 



and 1)243(1 holds. As as side remark, let us note the difference between (|242(l and (|244|) . If fj, = 0, 
then the former holds because i9j;e~' A ' contains a <5-measure at the origin. Hence it is not possible to 
increase this to three derivatives. On the other hand, <9|Ae~' A ' is again a measure, which makes (|244() 
hold. Hence, we conclude that for all t > 



+ 1(233)1 ^ sup 



\W(y)\ 
\x - y\ 



dyll/llillslli <^ 5 ll/llilMli 



Recall that this leads to the desired dispersive bound for the term I = 1 in (|229|) . The cases £ > 1 
are similar. Indeed, the reader will easily check that in the general case one arrives at oscillatory 
integrals of the form, cf. (123711) . (f2T^Hll . (232), 

/oo 
e ia2 Ax+(A 2 + /i) sin (A ^ | Xj + l Xj |) exp ( - ^+X? Y, I 
Xk+i ~ x k \) dX 
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where J U J* = {0, 1, . . . , £} is a disjoint partition with J ^ 0. This integral is exactly of the type 
that we have just dealt with. Therefore, it is bounded by 

<ri^\xj +1 - Xj \. 

Combining the oscillatory integral with the potentials that accompany it, we are lead to estimating 

JM.W+2) ^ £JL \X k+ i -X k \ \XQ-Xl\ 

<(^+i)milimiiNii- 

To pass to the final inequality we invoked a simple lemma from |RodSch| which says that for any 
positive integer I 

sup / — y2\xe-x e+ i\ dx 1 ... dx e < (£ + l)\\V\\ e K . 
x ,x l+1 m 3 [[ j=0 \xj - xj+i\ £=0 

See Section 2 of (RodSchj for the proof of this. It follows that each of the first 2m terms in (j229|) 
satisfy the desired dispersive bound. 

In order to bound the "remainder" in Q23Uj) . which is the final summand containing the perturbed 
resolvents Ry(X 2 + fj,), we need to regard the resolvents as operators L 2 ' a — * L 2 ~ a with a > | (this 
is the limiting absorption principle from Proposition 1391 Note that we only need cr > ^ rather than 
a > 1 since the energies are separated from the thresholds, although this is not too important). 
Moreover, not only are the resolvents bounded L 2 '2 + — » L 2 '™2™, but their operator norms decay like 
A~2 . Note that this makes the composition of resolvents and V, which appears in ()23U|) . well-defined 
provided |V(a;)| < (1 + |x|) _1 ~ (recall that we are assuming —3— decay). Set 

... . / e Hm x l- x \ — \ x \) r. 



n r\2w x ( e TiAN O^^.j, v , / **\ xi -x\ u 
G± >X (X )(xi) := I )i? (A +/i)(xi,x) = 1 ^VS^i,-^ 

V 7 V 4tt|x-xi| 

Let ei = ( ) and e 2 = (°). Removing f,g from (|23(J|) . we are led to proving that 

e ia* e ±iX(\ x \ + \v\) x( A)A(yi?±(A 2 )y( J R±(A 2 )y) m G ± ,,(A 2 )e 1 , (^(A 2 )y) m Gi ja; (A 2 )e 1 ) dA 



(245) 



< 1*1— S. 



uniformly in x, y £ K 3 as well as 

roc . . 

/ e^V iA W X (A)A(yi?±(A 2 )y(i^ 

+ jf e^V^lfl x(A)A(y^(A 2 )y( J R ± (A 2 )F) m G ± ,j / (A 2 )e 1 , (^(A^r^A 2 ^) dX 



+ 



e ux2 x(X)X(VR±(X 2 )V(R±(X 2 )VrG ± , y (X 2 )e 2 , {R% (X 2 )V) m G* ±yX (X 2 )e 2 ) dX 
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uniformly in x,y G R 3 . We first verify ()245|) . It is a simple matter to check that the derivatives of 
G +tX (X 2 ) satisfy the estimates 



sup 

sup 

zeK 3 



dP 3 
^jG +i2 (A 2 )e fe g < (x)' 1 provided a > - + j 



d\3 



1 



< 1 provided a > - + j 



(246) 



for all j > and = 1,2. Rewrite the integral in ()245|) in the form 

^{t^x.y)-- / jt\*±i\{\x\Mv\) a ± m dA . 
./o 

Then in view of the limiting absorption principle of Corollaries I4UI 1411 and the estimate (|246j) one 
concludes that a^ y {\) has two derivatives in A and 



^ja± y (\) < (1 + A)- 2+ ((a;)<y))- 1 for j = 0, 1, and all A > 1 

for all A > 1 



^«^(A)|<(1 + A)- 2 



(247) 



which in particular shows that the integral in (|245|) is absolutely convergent. This requires that one 
takes m sufficiently large and that |V(x)| < (1 + |x|) - ^ for some (3 > 3. The latter condition arises 
as follows: Consider, for example, the case where two derivatives fall one of the G-terms at the ends. 
Then V has to compensate for |+ powers because of ([246 [I . and also a |+ power from 



\R^(^)f\\ 



X 



< y 



2 H 



Similarly with the other terms. 

As far as estimating I + (t,x,y) is concerned, note that on the support of a^ y {\) the phase 
t\ 2 + A(|x| + \y\) has no critical point. Two integrations by parts yield the bound \I + (t, x,y)\ < t~ 2 . 
In the case of I~ (t, x, y) the phase tA 2 — A(|x| + |y|) has a unique critical point at Ao = (|x| + \y\)/{2t). 
If Ao -C Ai, then two integration by parts again yield a bound of t~ 2 . If Ao > Ai then the bound 
max(|x|, \y\) > t is also true, and stationary phase contributes t~ 2 {(x) (y))~ l < t^^, as desired. 
Strictly speaking, these estimates are only useful when t > 1. On the other hand, when < t < 1 
there is nothing to prove since I (t,x,y) < 1 by (|247jl . 

Now consider the other three terms following ()245l) which involve one or more The two 
integrals involving exactly one e<i can be handled by the exact same argument as (|245|) . the only 
difference being that the critical point is at M or But since ()246|) takes the same form for e2 



(actually a better estimate holds here, but we ignore that since it is of no use), no other changes 
are needed. Finally, concerning the integral involving two e2 7 s: It is estimated by two integration 
by parts if t > 1, and by putting absolute values inside it < t < 1. Indeed, in this case the critical 
point is at A = 0, which falls outside the support of the integrand. Hence, two integration by parts 
give a decay of t~ 2 . 

The conclusion of the preceding is that (|229|) and (|23U|) satisfy the desired dispersive bounds. 
Therefore, 

\^ m x + {H)Pcf,g)\<t-HfU9h, 



S3 



and the same bound holds for e iiW X- (^)-fc- 

We now deal with the contribution by those A which are close to ±/x. This requires showing that 



{^{l-x+mPcf.g) = — / Xe ltx (l-x + )(A 2 + /,)<[ J R+(A 2 + ^)-i? y (A 2 + ^)]/,<?>(iA (248) 

m Jo 

3 

is < t~ 2 H^lli in absolute value, and similarly for x~- We use the resolvent identity in the form 
R±(\ 2 + fi) = i?±(A 2 + n) - R±{\ 2 + fi)V(I + R^X 2 + / u)F)- 1 J R^(A 2 + //) (249) 
and write Rq{\ 2 + n) = Rq(h) + B ± {\). Then 

[/ + R^X 2 + rfV}- 1 = S^[I + B ± (\)VS 1 ]-\ (250) 
where S = I + i^(/i)V. In view of $33} 

/i o 



4ir\x—y\ 



As far as the invertibility of So is concerned, we note the following: First, if a, a > |, and a + a > 2, 
then one checks from the explicit form of the scalar, free resolvent that 

SUp\\R k (X 2 )\\ HS (a-a) < C aia 
A 

where HS(a, —a) refers to the Hilbert-Schmidt norm of X a — > AT_ a . Hence, if |V(a;)| < (x)^ 13 for 
some /3 > 3, it follows that the operator Rq (X)V is compact on the weighted space X CT (1R 3 ) for all 
choices of— |<cr<— |. Thus, the invertibility of So depends only on whether a solution exists 
in X a to the equation ip = —Rq([j,)ViJj. However, if such a solution ip satisfies ip £ X a for some 
Q > — |) then ^ = —Rq(ij,)ViP £ X a for any choice of a < — |. Applying this bootstrapping process 
again, we see that the solution ip must lie in X a for all a < —\. Evidently, this would contradict 
the requirement of Definition 1381 

Returning to (|25flj) . a simple estimation of the explicit kernel 

B ± (A)(x,y)= ( % ^ e -^„-°_ e -^|,- y | ) (251) 

shows that if | (a?) | < (x)~P for some choice of j3 > 3, then 

hm||i? ± (A)yS - 1 || H5(CTi(T) =0 

A — >U 

for all a € (— |, — |). For sufficiently small A 2 < Ai, it is then possible to expand 

B±(A) := [I + B ± (X)VS 1 ]- 1 
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as a Neumann series in the norm || • \\hs(<t,ct) f° r an values — | < a < — \. Moreover, the symmetry 
B~(X) = B + (—X) holds. For ease of notation, define Xo(A) = (1 — x+)(A 2 + fj.) and extend it as an 
even function of A. In view of (12481) and (12491) we wish to control the size of 



sup 

c,y£R 3 



e ux A Xo ( A) [ [itf ( A 2 + u) - R ( A 2 + fi)] 
- [R+(X 2 + f i)VS 1 B + (X)R+(X 2 + fi) - R (X 2 + f i)VS 1 B-(X)R (X 2 + /*)]] (s, y) dA 



which is 



^ sup 
+ sup 



oo iAjas— i/j 

e ja Axo(A)^ rdA 



oo 
oo 



e'^A 



sup 



x, 



+ sup 

a;,' 



-oo 
oo 



sup 



e'^A 



e^A 



e^A 



4tt\x — y 

\y - x<±\ 

W{xi)e iX \ y - Xi \ 

\y - xa\ 



gi\\x—x\ | 

(ei, {Sq 1 (xoB + )(X)(x 4 ,,xi))e 1 )- l r dxidx^dX 



\x — X\\ 



(252) 
(253) 



e -yj2 l j,+X>\x-x 1 \ 

(ei, (5 , ( 7 1 (xo-B + )(A)(x 4 ,xi))e2) — dx\dx±d\ 



\x — x±\ 



(254) 



W(x4)e~^ 2fJ,+x2 \y- X4 \ 

\y - x A 

U{xi)e-^ 2 ^ +x2 \ y - Xi \ 
\y - xa\ 



(e 2 (S - 1 (xoS + )(A)(x 4 ,x 1 )), ei ) 



i\\x— x\\ 



\X — XU 



dxidx^dX 
(255) 



e -^2fi+X 2 \x-x 1 \ 

(e 2 , (S , (7 1 (xo-B + )(A)(x 4 , xi))e 2 ) — dxidx^ 



IX — X\\ 



(256) 



The first term (|252j) is simply the low-energy part of the free Schrodinger evolution, which is known 
to be dispersive. The second term (j253|) can be integrated by parts once, leaving 



sup 

x,y£R- 



2t 



Jt\ 2 



u{x A )e iX \y- Xi \ ( ! 



dXl \y — X4I 



(5 - 1 (xo5 + )(A)(x 4 ,x 1 )). 



iA|:c— xi I 



rr — x\\ 



dx\dx^dX 



(257) 



to be controlled. Note that we have dropped e\ on both sides of the matrix operator in the middle. 
This does no harm, as long as the absolute value on the outside is interpreted entry-wise. The same 
comment is in effect for the remainder of the proof. The other terms (|254j) . (|255|l . and Q256|) are 
treated similarly to ()253|) . In fact, we verified in (|241|) that for a > 

jT\ e -ay/2»+\* dX= . 

is a measure with mass sup a>0 \\v a \\ < 00. This simple fact allows one to use the same argument 
which is sketched here for ()253|) in the other three cases as well up to some obvious modifications. 
We now return to (|257|) . which is essentially identical with the analogous term arising in the scalar 
case treated in [GolSchj . Since we see no reason to repeat the details verbatim, we will provide a 
sketch and refer the reader to GolSch for more details. Consider the term where -St falls on B + (X). 
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The others will be similar. Using Parseval's identity, and the fact that 1 1 (e* £ (") ) A (u)\\ L oo ^ = 
this is less than 



sup 



1 I S 1 [xo{B + )'Y (u + \y - Xi\ + \x - xi\)(xi,x^ 



\y -xa\ 



x — Xl 



dx\dx^ 



du. 



If the absolute value is taken inside the inner integral, then Fubini's theorem may be used to exchange 
the order of integration to obtain 



sup 



1 



\U(x 4 )\ 



oo \y x &\ 



S 1 [xo(B + )'] V (u + \y- x A \ + \x- xi\)(x4,x 1 ) 



1 



\X — X\\ 



du dx\dx4 



< 



sup 



1 



\u{-)\ 



L 2 ^ 



\f\S^[xa(B+yy(u)\d U \ 



1-1 1 



OP(-l-,-2-) 



IL2.-1- 



where OP{— 1 — ,— 2— ) stands for the operator norm from — > X_2-- The two norms at the 
ends of the last line are easily seen to be uniformly bounded in x, y £ M 3 . It therefore only remains 
to control the size of 

||/|55' 1 |Xd(B + ) / ] v («)l«fc*|| OJ>( _ 1 _ f _ a _ ) - 

Minkowski's Inequality allows us to bring the norm inside the integral. Recall that Sq 1 is a bounded 
operator on L 2 '™ 2 ~. Furthermore, it is an easy matter to check that the operator \Sq | whose kernel 
is the absolute value of the kernel of Sq 1 , is also a bounded operator on L 2 ~ 2 ~ . The problem then 
reduces to showing that 



\\[ X o(B+)r(u 



IOP(-l-,-2-) 



du < oo 



(258) 



provided the support of xo is sufficiently small. The operators B + (X) are defined by the convergent 
Neuman series 



B+(A) = [/ + i? + (A)^ - 1 ]- 1 = ^ ( - B + (X)VSq 1 ) 

n=0 

Exploiting the explicit form of the kernel of B + , see (|251|) . it is possible to control the Fourier 
transform in A of each term in this Neuman series in the appropriate weighted 1? spaces, leading 
to (|258[) upon summation. For these details we refer the reader to the end of the paper 

Finally, we discuss Strichartz estimates. The usual derivation for Strichartz estimates involves 
TT* arguments where (Tf)(t,x) = (e~ ltH f)(x). This relies on the unitarity of the evolution, since 
one wants TT*F(t,x) = /^ (e _i ^~ s ^F(s, -))(x) ds. In the system case, this cannot be done. We 
therefore rely on a different approach which is perturbative in nature. It uses Kato's notion of an 
Wo-smooth and W-smooth operator, and originates in |R odSchj . In addition, we use the following 
lemma, which is due to Christ-Kiselev [CriKisj . See also Sogge, Smith SogSmi . 

Lemma 47. Let X, Y be Banach spaces and let K(t, s) be the kernel of the operator 

K:LP([0,T};X) ^ L«([0,T\;Y). 
Denote by \\K\\ the operator norm of K. Define the lower diagonal operator 

K: W{[0,T\;X)^L«([0,T\;Y) 



S6 



to be 



Kf(t) = J K(t,s)f(s)ds 

Q 

Then the operator K is bounded from L p ([0,T]; X) to L q ([0,T];Y) and its norm \\K\\ < c[|if[|, 
provided that p < q. 

Now we can state the Strichartz estimates. 

Corollary 48. Under the same assumptions as in Theorem \4b\ one has the Strichartz estimates 



an 



PJhr(Lg) < C\\f\\ L 2 



f e^ t - s ^ n P c F{s)ds 
Jo 



(259) 
(260) 



provided (r,p), (a, b) are admissible, i.e., 2 < r < oo and ^ + | = | and the same for (a, b). 
Proof. Let {S for "Strichartz") 

(SF)(t,x) = [\e-^ n P c F(s,-))(x)ds. 
Jo 

In this proof it will be understood that all times are > 0. Then by (|221[) . 

\\SF\\ L?{Li) < II^IIl^lI), 
and more generally, by the usual fractional integration argument based on Theorem 1461 



(261) 



for any admissible pair (r,p). In the unitary case this implies (|259j) via a TT* argument, but this 
reasoning does not apply here. Instead, we rely on a Kato theory type approach as in 
Section 4. Since H = TLq + V, Duhamel's formula yields 



- ,W R = e- ltHo P r - i 



Writing V = MM~ X V ', where M is as in (|225|) . observe firstly that 



(262) 



-i(t-s)H 



Mg(s)ds 



< 



isHo Mg(s) 



o Jo 
where the last inequality is the dual of the smoothing bound 

Now one applies the Christ-Kiselev lemma to conclude that 

ft 



< 



L 2 



\9\\Ll(Ll), 



poo 




Jo 





<t-«yHo Mg(s)ds 



o 



< 



\9\\Ll{Ll) 
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for any admissible pair (r,p). Hence, continuing in l|262|) . one obtains (using that ||P C /||2 < II /II 2) 

\\e- im P c fhr ( Ll) < II/II2 + \M- l Ve-™ n P c f 
It remains to show that M~ l V is WP c -smoothing, i.e., 



Li{L%) 



M- l Ve- isH P c f 



< 



LiiLl) 



Taking the Fourier transform in s, shows that (|263j) is equivalent with 

/oo 
\\M- X v[p e (n - a - iti)p c ]- l p c m dx < 11/11I. 
-00 



(263) 



(264) 



However, this was already shown in (|226j) . Indeed, setting <fi = P c f and restricting A to |A| > /i leads 
to the same expression as in 1)226(1 . On the other hand, if |A| < fi, then one simply notes that 

sup \\[P c {H-\-iQ)P c }- l \\ 2 ^2 < 1, 
so that the entire integral in 1)264)) is controlled. The conclusion is that 



an 



Pcf hum 



< 



for any admissible (r,p), which is ()259() . The proof of (|26U|) is now the usual interpolation argument. 
Indeed, in view of the preceding one has the following bounds on S for any admissible pair (r,p): 



S :L\{Ll) - ££(Z£) 

S:Ll'(L^)^Ll(Ll) 

S:L{(lg)^L?(Ll) 



(265) 
(266) 
(267) 



These estimates arise as follows: (|266|) is exactly ()261(l . whereas ()265|) follows from (j259|) by means 
of Minkowski's inequality. Finally, (j267|) is dual to the bound 



/oo 
e l{t ~ s)H * P c G{s)ds 



(268) 



Here P c corresponds to TC* in the same way that P c does to 7i. In particular, one has 



-itH* 



P 



c 1— >oo 



and therefore, (|268() is derived be the same methods as (|265j) . It is important to notice that P* = P c 
which is essential for the duality argument here. This can be seen, for example, by writing the 
Riesz projections onto (generalized) eigenspaces as contour integrals around circles surrounding the 
eigenvalues. Since the (complex) eigenvalues always come in pairs, the adjoints have the desired 
property. Interpolating between (|265|) and (|266|) yields (|26U|) for the range a' < r' or a > r, whereas 
interpolating between (|265|) and (|266|) yields (|260|) in the range a < r. □ 



Finally, we introduce derivatives into the estimates of Theorems 1451 1461 and Corollary 1481 



Corollary 49. Under the same assumptions as in Theorem 

\\e ltn P c f\\ wkiP ,^ < t 2( p p,) ||/||vi/fc.p(R3) 

for < k < 2 and 1 < p < 2. 

Proof. The case A; = is obtained by interpolating between Theorems and and holds for the 
entire range 1 < p < 2. We need to require p > 1 only for the derivatives. If a is sufficiently large, 
then 

(H - ia)- 1 :L 2 xL 2 ^ W 2 ' 2 x W 2 ' 2 
is an isomorphism. More generally 

(H - ia)"3 :L p xL p ^ W 2 ' p x l^ 2 ' p 

is an isomorphism for 1 < p < oo. This can be seen from the resolvent identity 

(H - ia)- 1 = (H - ia)- l [l + V{H - ia) -1 ] -1 , 

since ||V||oo < oo implies that 

\\V{H Q -ia)- l \\ p ^ p < 1 - 

if a is large enough, and because 

{Ho - ia)-? : LP x L p iy 2 ' p x iy 2 ' p 

for any a 7^ as an isomorphism. Hence, 

l|Ae^P c /|| p , < - iaje*"/^ = ||e« w (ft - ia)/[|„ 

< t-^-^WiH - ia)f\\ p < t-^p-^\\f\\ w2>p 



This gives the case k = 2 of the lemma, whereas k = 1 follows by interpolating between = and 
fc = 2. □ 

And now the same for the Strichartz estimates. 

Corollary 50. Under the same assumptions as in Corollary \4fy one has the Strichartz estimates 

\\«~ m Pof\\ L;{w ^ } < C|I/IIh*> (269) 

I^^'HU^ * <VW, (270) 

provided (r,p), (a, b) are admissible, i.e., 2 < r < 00 and 2 + | = | and t/ie same for (a, 6). Zfere k 
is an integer, < k < 2. 

Proof. The case k = is just Corollary 1481 As in the previous proof, we rely on the fact that 
(because of ||V||oo < 00), 

[|A/||,<||(W-ia)/[|, 
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for any 1 < q < oo. Hence 



e- Un PJ\\ 



< \\(H - ia)e- ltn P c f\\ L r Am = \\e- ltn P c (H - ia)f\\ L r {Ll) 
<\W-ia)fh<\\f\\ w ^, 



which is (|269|) for k = 2. Similarly, one proves (|27Ujl for k = 1. The case k = 1 is then obtained by 
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